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Nguyén Phii Khanh -Nguyén Tét Thu
Bai 1: TINH PON PIEU CUA HAM SO

1.1 TOM TAT LY THUYET

1. Dinh nghia :
Gid st K 1a mot khoang , mot doan hodc mot nira khoang . Ham ) f xac dinh trén K duoc goi la
e Dong bién trén K néu v6i moi r,r,e K , v <z,= f(xl) < f(xQ);

e Nghich bién trén K néu véi moi r,r,e K , z <z, = f(xl) > f(xQ)

2. Diéu kién can dé ham so don diéu :
Gia st ham s6 f ¢6 dao ham trén khoang I
e Néuhamsd f dong bién trén khoang I thi f'(x) >0 véimoi z el.

e Néuhamsd f nghich bién trén khoang I thi f'(x) <0 véimoix el.

3. Diéu kién dia deé ham so don di¢u :

Pinh Iy 1 : Dinh 1y vé gia tri trung binh ctia phép vi phan (Pinh ly Lagrange):
Néu ham sb £ lién tuc trén [a; b} va c¢6 dao ham trén khoang (a; b) thi ton tai it nhat mot diém ¢ e (a; b) sao

cho f£(b)-f(a)=f'(c)(b-a).

Pinh Iy 2 :
Gia stt I la mot khoang hodc nira khoang hoac mot doan, f1la ham s6 lién tuc trén I va c6 dao ham tai moi
diém trong cta I ( tic 1a diém thudc I nhung khong phai dau mut cta 7 ) .Khi do :

e Néu f'(m) >0 v6imoi z e I thi ham sé f ddng bién trén khoang I ;

e Néu f'(m) <0 v6imoi z e I thi ham sé f nghich bién trén khoang I ;

e Néu f'(m) =0 v6imoi z e I thi ham s f khong ddi trén khoang I .

Chuy :
e Néuhamsd f lién tuc trén [a;b} va co dao ham f '(m) > 0 trén khodng (a; b) thi ham s6 f dong bién trén

[a;b} )

e Néuham s flién tuc trén | a;b | va cé dao ham f'(z) < 0 trén khoang (a;b)thi ham sé f nghich bién
trén [a;b} )

e Taco thé mé rong dinh 1i trén nhu sau : ’

Gia sir ham s0 f c6 dao ham trén khoang /. Néu f'(z) >0 véi Vz € [

(hodc f'(z) <0 voi Vo e I)va f'(z) = 0 tai mot s6 hitu han diém ciia  thi ham sé f dong bién (hodc
nghich bién) trén I .
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1.2 DANG TOAN THUONG GAP.

| Dang 1 : Xét chiéu bién thién ciia ham s . |

Xét chiéu bién thién ctia hamsd y = f (x)ta thuc hién céc budc sau:

e Tim tap x4c dinh D cia ham so .

e Tinh dao ham y'= f'(x)

e Tim cac gi4 tri ciia 2 thudc D dé f'(x) =0 hodc f'(x) khong xac dinh
(ta goi do la diém td1 han ham s0 ).

o Xétdauy'= f'(x) trén ting khoang z thudc D .

e Duya vao bang xét dau va di€u kién du suy ra khoang don di¢u ctia ham so.

Vidu 1 :Xét chidu bién thién cta cac ham sb sau:
1. y= —2° - 32> + 242 + 26
2. y= 2" —32° +2

3. y=12"+32" + 32 +2

Giai:

1. y= —2° — 32" + 242 + 26.
Ham sd da cho xac dinh trén R
Tacd:y'=-32" -6z +24

r=-4
y'=0 32" —62+24 =0

T =2
Bang xét ddu cua y'
T ‘—oo —4 2 +00
y' | - 0 + 0 -

y'>0,z € (—4;2) = y dong bién trén khoang (—4;2),
y'>0,z € (—oo;—4),(2;+oo) = y nghich bién trén cac khoang (—OO;—4),(2;+00)_

Hodc ta co thé trinh bay :
Ham so da cho xac dinh trén R .
Tacd:y'=-32" -6z +24

) r=-4
y'=0 32" -62+24 =0

T =2

Bang bién thién
r | —o© —4 2 +00
y !

Y +®\/\>_w

Vay, ham s dong bién trén khoang (—4; 2), nghich bién trén cac khoang (—oo; —4) va (2; +oo) .
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2. y= 2° 32" +2
Ham sd da cho xac dinh trén R .
Taco: y' =32 — 6z = 3z(z —2)

y'=0<:>3:1:(:1:—2)=0<:>|:

Tr =
Bang bién thién.
z —00 0 2 +00
y' + 0 — 0 +

y S~

Vay ham dong bién trén mdi khoang (—0;0) va (2;+0), nghich bién (0;2).

3. y=12"+32" + 32 +2
Ham sd d3 cho xac dinh trén R .

Ta co: f'(m) =32" =61 +3 = S(x + 1)2

f'(x)zO S r=-1va f'(a:) >0 véimoi z # —1

Vi ham s6 dong bién trén mdi nira khoang (—oo; —1] va [—1; +oo) nén ham s6 dong bién trén R .
Hodc ta c6 thé trinh bay :

T —00 -1 +00

yl

+00
y 1/

—00

Vi ham sé dong bién trén mdi nira khoang (—oo; —1] va [—1; +oo) nén ham sé dong bién trén R.

Vi du 2 :Xét chiéu bién thién cta cac ham so sau:
1
1. y= —Z$4 +22° —1

2. y=12"+22° -3

3.y=x2"'-62" +8r+1

Giai:
1. y= —lxj‘ +22° —1.
4

Ham sd da cho xac dinh trén R
Taco: y'= —2° +4z = —IE(IE2 —4)
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y'=0<:>—x(x2—4):0c> 7=0
T =12
Bang bién thién
T | —© —2 0 2 +00
yl

! +oo/\/\_oo

Vay, ham s6 dong bién trén cic khoang (—oo; —2) , (O; 2) va nghich bién
trén cac khoang (—2; 0) , (2; +oo) .

2. y=12" +22° -3
Ham sd d3 cho xac dinh trén R .
Tacod: y'= 42° + 42 = 4x(x2 +1)

Viz’+1>0,VzeR nény'= 0= z=0.

Bang bién thién
T | —o 0 +00
y' - +

+00 +0
Vay, ham s6 dong bién trén khoang (0; +oo) va nghich bién trén khoang (—oo; 0) .

3.y=x2"'—-62" +8x +1
Ham sd da cho xac dinh trén R
Taco: y' =4z’ =122+ 8 = 4(x — 1)*(z + 2)
) T =2
y'=0=4(z-1)(z+2)=0< 1
€Tr =
Bang bién thién:

T —00 —2 1 +00

yl

y\/

Vay,ham dong bién trén khoang (—2;+) va nghich bién trén khoang (—o0;—2).
Nhan x’ét: o
* Tathaytai z =1 thi y = 0, nhung qua d6 y' khong doi dau.

* P6i v6i ham bac bdn y = az’ + bz® + ca® + dz + e ludn co it nhat mot khoang ddng bién va mot khoang
nghich bién. Do vay v&i ham bac bén
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khong thé don diéu trén R .

Vidu 3 :Xét chieu bién thién cua cac ham so sau:

1 _2zx-1
Y z+1
T+2
2.y =
Y z-—1
2
3.y = - +2x -1
T+ 2
2
4.y=x +4x+3
T+2
Giai:
2z -1
1. y= .
Y z+1

Ham s d3 cho xac dinh trén khoang (—oo; —1) U (—1; +oo) .

Taco: y' =

> >0,Vz # -1
(m+1)

Vay ham s6 dong bién trén mdi khoang (—oo; —1)Vé (—1; +oo).

_r+2

2.
Y z—1

Ham s da cho xé4c dinh trén khoang (—oo;l) v, (1; +oo) .

Taco: y'= - <0, Vz =1

2
z—1

Vay ham s6 dong bién trén mdi khoang (—oo; 1) va (1; +oo) .

-z’ +22 -1
3. y= ———
T+ 2
Ham s d3 cho xé4c dinh trén khoang (—oo; —2) v (—2;+oo).

2’ —4x+5H

Taco: y'= Vi # =2

Bang bién thién :
T | —© ) -2 1 +00

- 0 + | + 0 -
T /tw‘Lw/\‘—w
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Vay, ham sé dong bién trén cac khoang (—5; —2) va (—2; 1) , nghich bién
trén cac khoang (—oo; —5) va (1; +oo) X

B 2’ +4x+3
T+2
Ham s d3 cho xéac dinh trén khoang (—oo; —2) U (—2;+oo).

4. y

2
Ta co: y' =Lx+25 >0,Vz # -2
(:1; +2)
Béng bién thién :
r | —© -2 +00
y' + | +

S| /v+oo LOO e

Vay , ham s6 dong bién trén mdi khoang (—oo; —2) Vél(—2; +oo) .

Nhan xét:

az +b (a.c # 0) ludn dong bién hoic luén nghich

* D4i voi ham sb y =
cT +
bicn trén tirng khoang xac dinh cua no.
az’ + bz +c
a'vr+0b'
* Ca hai dang ham s6 trén khong thé luoén don di€u trénR .

*Poi voi ham so y = ludn c6 it nhat hai khoang don di¢u.

Vi du 4 :Xét chiéu bién thién cta cac ham so sau:
1. y=2* -2z -3|

2. y=\32" -2°

Giai:
1. y=2* -2z -3|
Ham sd da cho xac dinh trén R

. 22 —=2x—-3 khi 2<-1 U >3
Taco: y=
—?+2z+3 khi -1<z<3

=y' =0&z=1

20 —2 khi z<—-1Uzxz >3
=y'= ,
—2r+2khi —-1<z<3

Ham sb }(héng codaohamtai z = —1va x = 3.

Bang bién thién:
T —0 -1 1 3 +00
y !
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Ham dong bién trén mbi khoang (—1;1) va (3;+0) , nghich bién trén (—oo;—1)
va (1;3).

2. y=V\32" -2°

Ham s da cho xé4c dinh trén nira khoang (—oo; 3]
32z - 2°)

2V32* —2°
Ve<3z#0:y'=0 =2
Ham s6 khong c6 dao ham tai cac diémz = 0,z = 3.

Taco: y'= Vr<3,xz#0.

Bang bién thién:

4y
A M U

Ham dong bién trén khoang (0;2), nghich bién trén (—o0;0) va (2;3

Vidu5:
Tim khoang don diéu ctia ham s f(x) =sinz trén khodng (0;27[) .

Giai:
Ham s6 da cho xé4c dinh trén khoang (0;27[) .
Ta co :f'(:n) = CcoSx,x € (0;27[).
V4 3
"z)=0,ze(027) v =—0=—
) =0se(nar) o= 0n
Chiéu bién thién cua ham s6 dugc néu trong bang sau :

3

— 27
2
0

r
2
0 +

P[]+

f(x) 0/1 \1/0

Ham sb déng bién trén mdi khoang (0;%) va (37” ; 27[) , nghich bién trén khoang (% ,37”) .

BAI TAP TU LUYEN
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1. Xét chiéu bién thién cua cac ham so sau:

1.y=éx3—3x2+8x—2 2.y =

2. Xét chiéu bién thién cta cac ham sb sau:
1. y=22"+32" +1
2. y=12"-22" -5

3. y=—éx3+6x2—9x—g
3 3

4. y=~N2z -z
3. Chiing minh rang ham sd:
1. y =+/4 - z* nghich bién trén doan [0;2} .

2. y=2z+1z—cosz—4 dong bién trén R .
3. y =cos2z — 2z + 3 nghich bién trén R.

4. Cho hamsd y = sin’ z + cosz .
a) Chirng minh rang ham s6 dong bién trén doan [O;%} va nghich biét trén doan [% ; 7Z':| .

b) Chirng minh rang véi moi m e (—1; 1) , phuong trinh sin® z + cos z = m c6 nghiém duy nhat thudc doan

[0; 72] .

Huéng dan
1.

1. y=%x3 — 32 + 8z -2
Ham sd da cho xac dinh trén R.
Ta co f'(m) =2 — 6z + 8
fl(z)=0ez=212=4

Chiéu bién thién cua ham s6 dugc néu trong bang sau :

RBINE T
I A N

Vay ham s6 dong bién trén mdi khoang (—oo; 2) va (4; +oo), nghich bién trén khoang (2; 4)

2
-2
2.y:x x

x—1
Ham s6 di cho xé4c dinh trén tap hop R \ {1} )
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=x2—2x+2=($_1)2+1

(x - 1)2 (x - 1)2

Chié€u bién thién ctia ham s6 dugc néu trong bang sau :

Ta co f'(x)

>0,z #1

T —00 1 +00
f'(x) + +

+00 +00
@ S

Vay ham s6 dong bién trén mdi khoang (—oo; 1) va (1; +oo)

2.
1. y=22"+32" +1
Ham sd d3 cho xac dinh trén R .
Ta co f'(x) = 62" + 62
f'(x) >0,z € (—oo;—l),((); +oo) = f(x)déng bién trén mdi khoang (—oo;—l) va (0; +oo).
f'(m) <0,z e (—1;0) = f(x)nghich bién trén khoang (—1;0).

Ngoai ra : Hoc sinh c6 thé giai f '(m) = 0, tim ra hai nghiém z = -1,z = 0, ké bang bién thién rdi két luan.

2. y=12"-22" -5
Ham sd da cho xac dinh trén R
Tacd f'(z) =42’ - 4z

f'(x) >0,z € (—1;0),(1; +oo) = f(x)déng bién trén mdi khoang (—1;0) va (1; +oo).
f'(2) <0, € (-o;-1),(0;1) = f () nghich bién trén mdi khoang (—o0;—1)va (0;1).
Ngoai ra : Hoc sinh c6 thé giai f'(x) = 0, tim ra hai nghiém z = -1,z = 0,z = 1, ké bang bién thién roi két
luan.
3. y= —éx‘q’ + 627 —9m—g

3 3
Ham sd da cho xac dinh trén R.

Taco f'($)=—4x2+12x—9=—(2x_3)2
f'(x):Oszgvé f'(x)<0vérimoi ar;tg

Vi ham sd nghich bién trén mdi nira khoang (—oo;%} va {g ; +Ooj nén ham s6 nghich bién trén R .
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4. y=~2r -1’
Ham sb da cho xac dinh trén [0;2] .

Ta co f'(x):%,
T—

f'(x) >0,z € (0;1) = f(x)déng bién trén khoang (0;1);

T € (0;2)

f'(x) <0,z € (1;2) = f(x)nghich bién trén khoang (1;2).

Hoic c6 thé trinh bay :

f'(x) >0,z € (0;1) = f(x)déng bién trén doan [O; 1};

f'(x) <0,z € (1;2) = f(x)nghich bién trén doan [1;2] .
3.

1. y =4 — z* nghich bién trén doan [0;2} .

Dé théy ham sb d3 cho lién tuc trén doan [0;2] va ¢6 dao ham f'(x) =

= <0 v6i moi z € (0;2). Do

4—x
d6 ham sb nghich bién trén doan [0; 2} .

2. y=2z"+2z—cosz—4 dong bién trén R.
Ham sd da cho xac dinh trén R.
Ta co f'(m) =32" +1+sinz

1322 >0 VzeR
Vi nén f'(m)ZO,xeR.

l+sinz>0 VzelR

Do d6 ham sé dong bién trén R.

3. y =cos2z — 2z + 3 nghich bién trén R.
Ham sd da cho xac dinh trén R

Ta co f'(m) = —2(sin2x +1) <0,VzreR va f'(x) =0 sin2r=-1< = —%+k‘7z,k e
Ham s6 nghich bién trén mdi doan {—% + lm;—% + (k + 1)7Z:|,]€ eZ.

Do d6 ham s6 nghich bién trén R .

4.

a) Chung minh rang ham sé dong bién trén doan {0;%} va nghich biét trén doan {% ; 7Z:| .

Ham sd lién tuc trén doan [0;72} vay'= sinx(2 CcosST — 1),x € (0;7[)
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1
Vizxe (0;72') = sinz > 0 nén trong khoang (0;7[) : f'(m) —0o cosr=— o 1=2
2 3
) T A \ £ 2A <A ~ T
e y'>0,Vr e 0;5 nén ham s6 dong bién trén doan O;g
) T A \ £ . <A ~ T
e y'<(0,Vz e [g;ﬂ'j nén ham s6 nghich bién trén doan |:§,7Z':|

b) Chirng minh rang v6i moi m e (—1; 1) , phuong trinh sin® z + cos = m c6 nghiém duy nhat thudc doan

o]

® I c {%,ﬂ} ta co y(ﬂ) <y < y[%j < -1<y< % . Theo dinh 1y vé gia tri trung gian cia ham s6 lién tuc
véi Vm € (—1;1) c (—1;2} , ton tai mot sb thuc ¢ € (%,ﬂ'j sao cho y(c) =0.S6 clanghiém cua phuong
trinh sin® z + cos z = m va vi ham s nghich bién trén doan {% ; 7Z':| nén trén doan nay , phuong trinh c6
nghiém duy nhét .

Vay phuong trinh cho ¢6 nghiém duy nhat thudc doan [0; 72'] .

| Dang 2 : Ham s don di€u trén R . |
Str dung dinh ly vé di€u ki¢n can

e Néuhamsé f(z)don diéu ting trén Rthi f'(z) 2 0,Vz € R.

e Néuhimsd f(z)don diéu gidm trén Rthi f'(z) <0,Ve e R.

Vidu1: Tim m dé ham s6 sau ludn giam ( nghich bién) trén R

y:f(x):—%x3+2x2+(2m+1)x—3m+2.

Giai :

Ham sd da cho xac dinh trén R
Taco:y'=—2"+4z+2m+1vaco A'=2m+5
Bang xét ddu A'

m | —oo 5 +00

A" - 0 +

2 5 It IS
. m:—gthi y'=—(x—2) <0 véimoi 7 € R,y' = 0chitai diém z = 2. Do d6 ham sb nghich bién trén
R.

e m< —gthi y'<0,Vz € R. Do d6 ham sb nghich bién trén R .
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5 . . 4 N e
e m> —gthi y'=0 co6 hainghi¢ém 1z, 7, (ml <z, ) Ham s6 dong bién trén khoang (xl;xQ) . Truong hop

nay khong thoa man .
Chi y : cach giai sau day khong phu hop ¢ di€ém nao ?
Ham s6 nghich bién trén R khi va chi khi

a=-1<0

y'=-2"+4r+2m+1<0,Vz e R & <:>2m+5£0<:>m£—§
A'<0 2

Vay ham s6 nghich bién trén R khi va chikhi m < —g

Vidu2: Tim a déham s6 sau ludn ting ( dong bién) trén R

y=f(m):éx3+ax2+4x+3 .

) Giai:
Ham so da cho xac dinh trén R .
Taco y'=2" +2ax+4 vaco A'=a" —4
Bang xét ddu A'
a | —o =) 2 o0

A + 0 - 0 +

e Néu-2<a<2thiy'>0véimoi zeR.Hamsd y dong bién trénR .

e Néua=2thiy'= (:1; —1-2)2 taco:y'=0< x=-2,y">0,z#-2. Himsb y dong bién trén mdi nira
khoang (—oo;—Q} va [—2;+oo)nén ham s6 y dong bién trénR .

e Tuongtynéu a =—-2 . Himsd y dong biéntrénR .
e Néua<-2hodc a>2 thi y'=0 c6 hai nghiém phan biét z ,z,. Gid st z, < z,. Khi d6 ham s6 nghich

bién trén khoang (xl;xQ),déng bién trén mdi khoang (—oo;xl)vé (x2;+oo). Do d6é a < -2 hoac a > 2 khong

thoa min yéu cau bai toan .
Vay ham s6 y dong bién trén R khi va chi khi -2 < a <2

Vidu3: Tim m déhamsd y = z + m cos z dong bién trén R . |

) Giai :
Ham so da cho xac dinh trén R .
Taco y'=1-msinzx.
Cach 1: Him dong biéntrén R < ¢y'>0,Vz e R < 1-msinz > 0,Vz € R & msinz <1L,Vz e R (1)
*m =0 thi (1) ludn ding

*m>0thi(1)<:>sina:£i VzeR <:>1Si<:>0<mﬁl.
m m

* m < 0thi (1)<:>sin:1;2l VzeR <:>—1Zi<:>—1Sm<0.

m . m
Vay —1<m <1 la nhitng gia tri can tim.

Cich 2: Him dong biéntrén R < y'> 0 Vz € R
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1-m=20
< miny'=min{l-m;1+m} >0 < < -1<m<1.
1+m=20
Chuy:
Phwong phap:
* Ham s6 y = f(z,m) ting tréenR < ' >0 Vz € R < min y'> 0.
zeR
* Ham s6 y = f(z,m) giam trénR < 3'< 0 Vz € R < maz y'<0.
zeR
Chu y:
1) Néuy' = azx® +bx +c thi
fa=b=0
c2>0
*y'>0VeeR < {
a
fa=b=0
c<0
*y'<0VereR <o
a<0
o

2) Ham ddng bién trén R thi nd phai xac dinh trén R .

BAI TAP TU LUYEN
1. Tim m dé ham s6 sau luon gidm ( nghich bién) trén R

y:f(x)z(m+2)%3—(m+2)x2+(m—8)x+m2—1.
2. Tim m dé ham sb sau ludn ting ( dong bién) trén R
a. yzf(m)z%(mQ—l)xS+(m+1)x2+3x+5

(m—l)z2 +2x+1
b. y=f (:c) =
z+1
3. Vi gié tri nao cia m, cac ham so6 dong bién trén moi khoang xac dinh
cianod ?

2
o y=1+2+ -2 +(m+2)z—3m+1

b. y =
z—1 y z-—1
Huéng dan :

3
1. y:f(x)z(m+2)%—(m+2)x2+(m—8)x+m2—1

Ham so da cho xac dinh trén R .

Taco y'=(m+2)z° =2(m +2)z+m -8 .
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*m =-2,khidé y'=-10<0,Vz € R = ham sb luon nghich bién trén R. *m # —2 tam thic

y'=(m+2)2" -2(m+2)r+m -8 co A' =10(m +2)
Bang xét ddu A’
m ‘ —00 -2 +00

A" - 0 +
e m < -2 thi y' <0 véimoi z € R. Do d6 ham s6 nghich bién trén R .

e m >-2thi y'=0 c6 hai nghi¢m z,z, (xl < %)- Ham sé ddng bién
trén khoang (xl; xQ) . Truong hop nay khong théa man .

Vay m < —2 1a nhitng gié tri can tim.

2. Tim m dé ham so sau ludn tang ( dong bién) trén R

— _1 2 3 2
a. y—’f(x)—g(a —1)m +(a+1)x +3x+5
Ham so da cho xac dinh trén R.
Tacé:y':(aQ—l)x2+2(a+1)x+3 va ¢ A':Q(—a2+a+2)
Hamsb y dong bién trénR khi va chikhi < y'>0,Vz e R (1)
e Xéta’-1=0<a==l1
+a=1=y'=42+3 :y'ZO@xZ—%:azl khong thoa yéu cau bai toan.

+a=-1=y'=3>0 Vz € R = a = —1thoa min yéu cu bai toan.
e Xéta’-1#0<a =+l

Bang xét dau A'

a | —w -1 1 2 +o0

A"l - 0 + 0 —
e Néua<-lva>2thiy' >0v6imoi z € R.Hamsb y dong bién trénR .

e Néu a=2thiy'= 3(:1; +1)2 Jtaco:y'=0< z=-1Ly'>0,xz#—1. Hims y dong bién trén mdi
ntra khoang (—oo;—l] va [—1; +oo)nén ham s6 y dong bién trénR .

e Néu-1<a<2a=1thiy'=0 c6hainghiém phanbiét z,,z,. Gid sit 2, < z,. Khi d6 ham sb nghich
bién trén khoang (xl;xQ),déng bién trén mdi khoang (—oo;xl)vé (m2;+oo). Do dé -1 <a <2,a #1 khong

thoa méin yéu cau bai toan .
Vay ham s6 y dong bién trén R khi vachikhia < -1va >2.

(m—l)x2+2x+1

b. yzf(cc):

z+1

Ham s6 di cho x4c dinh trén D = R\ {—1}.
(m—l)x2 +2(m—1)x+1 B g(x)
(x+1) (z+1)

Vi g(:p) = (m—l):n2 +2(m—1)$+1,m = -1

Taco y'=
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Dau cia y' 1a ddu cua g(m)
Ham s6 y dong bién trén mdi khoang (—oo;—l)vél (—1; +oo)khi va chi khi g(w) >20,Vz # -1 (1)
e Xétm—-1=0eom=1=> g(w) =1>0Ve#-1=>m=1 (a,)thoéményéucﬁubéitoén.

e Xétm—-1#0om=1
Tuongtutrén 1<m <2 (b) thoa yéu cau bai toan .

Tu (a) va (b) suyra 1 <m <2 thihamsd y dong bién trénR
3.

a. y=c+2+

z-—1

m
z#1

m
a)y:x+2+$_1:>y':1—($_1)2,

e m <0 thiy'>0;Vz #1. Do déham sd dong bién trén mdi khoang (—oo;l)vé (1; +oo).

mo (z-1) -m

(z-1)  (a-1)
ham s nghich bién
trén m3i khoang (1 - \/E;l) va (1;1 +Jm ) - do d6 khong thoa didu kién .

em>0thiy'=1- ,x#1 va y':O<:>x=1i\/;.Lépbéngbiénthiéntathéy

Vay :ham s6 dong bién trén mdi khoang xac dinh ctia né khi va chi khi m <0
Chu y : Bai toan trén dugc mé rong nhu sau
a,) Tim gié tri cua m dé ham so6 dong bién (—oo; —1)

a,) Tim gia tri ctia m dé ham sb dong bién (2;+oo)

[

)
a,) Tim gia tri ctia m dé ham sb nghich bién trong khoang c6 d6 dai bang 2.
a,)

,) Tim gia tri ciia m dé ham s nghich bién trén mdi khoang (0; l)vé (1;2) .

a.)Goi z, < z,la hai nghi¢m cta phuong trinh (:1; - 1)2 —m=0.Tim m dé:

a ) =2z, a.,)r, +3r, <m+5
a.,)r <3, a.,)r —5r, >m—12
—2x2+(m+2)x—3m+1 1-=2m

b. y = =27 +m +
z -1 -1
o yl= 24 2m -1

(o

1 ‘ L x.
e m< 5 = y' <0,z # 1, ham s0 nghich bién trén moi khoang (—oo;l) va‘(l; +oo)
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]_ . ‘A \ A A <A A X . 9
e m > — phuong trinh y'= 0 c6 hai nghiém z <1 < 1z, = ham s6 dong bi€n trén moi khodng
2

(xl;l) v, (1; xQ) , truong hop nay khong thda .

| Dang 3 : Ham s6 don diéu trén tip con ciaR . |

Phwong phap:
*Hamsd y = f(z,m) ting Ve e [ & y'>0 Ve el < min y'>0.
xel

*Hamsd y = f(z,m) gidm Vo e ] < y'<0 Ve e I < maxy'<0.
xel

Vidu 1 : Tim m dé cac ham sb sau
1. y:f(m)=

2. y=2"+32" + (m + 1)3: +4m nghich bién trén khoang (—1;1).
Gidi :

mx + 4

lu6n nghich bién khoang (—oo;l).
T+m

mx + 4

1. y= f(x) = N luén nghich bién khoang (—oo;l).
T+m

Ham s6 da cho x4c dinh trén D = R\ {—m} :
2
Tacod y' =m—42,m *—m
(z+m)
y'<0,Vz e (—oo;l)
-m ¢ (—oo;l)
m’ —4<0 —2<m <2 —2<m<2
= = = & -2<m<-1
-m ¢ (—oo;l) -m =1 m < —1
Vay : véi —2 < m < —1 thi thoa yéu cau bai toan .
2. y=2"+32" + (m + 1)3: +4m nghich bién trén khoang (—1;1).

Ham sb nghich bién trén khoang (—oo; 1) khi va chi khi {

Ham sd da cho x4c dinh trén R .
Taco: f'(:n)=3:1:2 +6z+m+1

Cach 1:
Ham sb da cho nghich bién trén khoang (—1;1) khi va chi khi f'(:n) <0,Vz e (—1;1) hay

m < —(3$2 +6x+1),‘v’x € (—1;1) < m < min g(x) (1)

ee(-1;1
Xét ham sb g(m) = —(3x2 + 62 + 1),‘v’x € (—1;1)
= g'(m) =—6xr—-6<0,Vze (—1;1) = g(m) nghich bién trén khoang (—1;1) va
lim g(x) = -2, limg(x) =-10

- 1"

Bang bién thién.
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O -

g(z) | |2

Vay m < —10 thoa yéu cau bai toan .

Cach2:

f”(m) =6x+6

Nghiém cua phuong trinh f”(a;) =0 1a z=-1<1.Do d6, ham s6 da
cho nghich bién trén khoang (—1;1) khi va chi khi m < lim g(x) = -10.

1"

Vay m < —10 thoa yéu cau bai toan .

Vidu 2 : Tim m dé cac ham so sau

1. y= f(x) =2z* —2z% — ma — 1 dong bién trén khoang (1; +oo).
2. y= f(a:) = ma® — 2* + 3z + m — 2 dOng bién trén khoang (—3;0).
3. y= f(m) =%mm3 +2(m—1)$2 +(m—1)m+m ddng bién trén

khoang (2; +oo) .

Giai :
1. y= f(x) = 22" — 22° — ma — 1 dong bién trén khoang (1; +oo).
Ham sb da cho xac dinh trén (1; +oo) )
Tacod:y'=62" —4zx+m
Ham sb da cho ddng bién trén khodng (1; +oo) khi va chi khi y' > 0,Vz e (1; +oo)
= g(m) = 62" —4x > -m,z > 1.
Xét ham sb ¢ (x) = 62” — 4« lién tuc trén khoang (1; +oo), ta co
g'(m) =12z-4>0,Ve>1< g(m) dong bién trén khoang (1;+oo)
va lim g(z) = lim(6x2 - 4:5) =2, lim g(z) = +o

1" 1" T—>+00

Bang bién thién.

T 1 +00

g'(m) +

e -
/



Nguyén Phii Khanh -Nguyén Tét Thu

2
Dura vao bang bién thién suyra 2 > —m < m > -2

2. y= f(x) = ma® — 2* + 3z + m — 2 dong bién trén khoang (—3;0).

Ham s d3 cho xac dinh trén (—3; 0) .

Tacod :y'=3mz’ -2z +3

Ham s da cho ddng bién trén khoang (-3;0) khi va chi khi y' > 0,vz € (-3;0)

Hay 3ma’ -2z +3>0,Vz e (—3;0) S m> 22;3,‘v’x € (—3;0)

r+3
2

Xét ham sb ¢ (x) = 2 lién tuc trén khoang (—3; 0), ta co

3z

4

9'($) = w <0,Vz e (—3;0) = g(:n) nghich bién trén
x

khoang (—3;0) va hr_r; g(m) = —%,/11151 g(m) = —0
Bang bién thién. |
T -3 0

9'(v) -

g() 1
T B

\ £ A 1
Duya vao bang bién thién suy ra m > 3

3. y= f(x) =%mm3 +2(m—1)m2 +(m—1)x+m ddng bién trén
khoang (2; +oo).

Ham sb da cho xac dinh trén (2; +oo) :

Taco: y'=ma’ +4(m—1):1:+m—1

Ham sb ddng bién trén khodng (2; +oo) khi va chi khi

y'20,Vz e (2;+oo) & ma’ +4(m —1)33 +m-120Vze (2;+oo)

4z +1

<:>(:L‘2+4x+1)m24:E+1,V5”€(2;+°O)©m2x2+4x+1

, VI e (2;+oo)

4z +1

T e (2;+oo)
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= g'(m) = m <0,Vz e (2; +oo) = g(m) nghich bién trén khoang (2;+oo) va
(LBQ + 4z + 1)

limg(m) =ﬂ7 lim g(m) =0

2 13 >+

Bang bién thién.

. 9 T W
Vay mZE thod yéu cau bai toan .

Vidu 3 : Tim tat ca cac tham so m dé ham so

y = 2° + 3z + mx + m nghich bién trén doan c6 d6 dai bang 1.

Giai :

Ham sd da cho x4c dinh trén R .
Taco:y'=32"+6x+m c6 A'=9—3m
e Néum >3 thi y'>0,Vz e R, khid6 ham sb ludn dong bién trén R, do 46 m > 3 khong thoa yéu cau
bai toan .
e Néum <3,khidé y' = 0c6 hai nghi¢m phan biét z,,, (x, < z,) va ham s6 nghich bién trong
doan| z,;z, | v6ido dai I =z, — =,
Theo Vi-ét, tacod 1z + 2, = -2,xz, = %
Ham sd nghich bién trén doan c6 do dai bﬁng lel=1
@(%—xl)z =1<:>(x1 +x2)2—4xlx2 =1©4—ém=1<:>m:g
3 4
Cau hoinho : Tim tit ca cac tham sé m dé ham sé y = z° + 32° + mz + m nghich bién trén doan c6 do dai
bang 1 .
C6 hay khong yéu cau bai toén thod :l = z, — 2, 2 17.

BAI TAP TU LUYEN

1.Tim diéu kién ctia tham s6 m sao cho ham so :

a. y=x"—ma’ —(2m2 —7m+7)x+2(m—1)(2m—3) dong bién

trén khoang (2; +oo) .
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m$2+(m+1)$—1 ) y
b. y= dong bién trén khoang (1; +oo) .
20 —m

2. Tim m déhamsd y = 2° — (m + 1)z — (2m* — 3m + 2)z + m(2m — 1) dong bién trén[2;+oo) :

mz® + 6x — 2

nghich bién trén [1;+00).
T +2

3.Pinh m d&hamsb y =
4. Dinh m dé hamsd y = émm3 —(m —1)2* + 3(m — 2)z + 1 dong bién trén (2;+o).

Huéng dan :

1

a.
Ham so da cho xac dinh trén R .

Tacod :y' =32 —2mx —(2m2 —-Tm + 7) = g(w)

Ham sb da cho dong bién trén khoang (2; +oo) khiva chikhi y'> 0,Vz € (2;-1-00)

Xét ham sb g(a;) = 32 — 2mx — (2m2 —Tm + 7) trén khoang z € (2;+oo) va g'(x) =6z —2m

Céch 1:

Ham s6 g(z) ddng bién trén khoang (2;-+e0) khi va chi khi g(2)> 0 < 3.2 —2m.2 - (2m2 —Tm + 7) > ()
<:>—2m2+3m+520<:>—1£m£g

V&1 cach giai nay hoc sinh nén dung cho bai trac nghiém, goc dg bai toan
tu ludn thi€u di tinh chuan xac va trong sang cua bai toan .

Cach?2:

g'(m)=0<:>x:%

o Né'u%SQ@mSG,khidé g(m)ZO,xe(2;+oo)

ot

& min g(:n)20<:>—2m2+3m+520©—1£m£§
€| 2;+00

e Néu % > 2 < m > 6, kha ning nay khong thé xay ra (vi sao ?).

b.
Ham s6 di cho xé4c dinh trén D:R\{%}.
£ , r—1 ' 1 \ £ 2A
e Neum=0,tacoy= = y'=——>0,Vz # 0. Ham so6 dong
2x 217

bién trén cac khoang (—oo; 0) va (0; +oo) , do d6 ciing dong bién trén

khoang (1; +oo)
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Vay m =0 (a) thoa min yéu ciu bai toan .
2mz’ —2m’z —-m’> -m+2 9(513)
2 - 27
(23: - m) (23: - m)

g(x)=2mx2 -2m’z —m® —m +2

e Néum#=0,taco y'=

Ham s6 dong bién trén khoang (1; +oo) khi va chi khi

2m >0

m >0
%¢(1;+oo) & am <2 <:>O<m£1(b)
g(1)=—3m2+m+220 _nggl

Tu (a) va (b) suyra 0 < m < 1thi thoa mdn yéu cau bai toan .

2.Tacod y' = 32> —2(m + 1)z — (2m* — 3m + 2), ham dong bién trén [2;+oo) .o y'>20,Vr e [2;-1—00)
< f(r) =327 —=2(m + 1)z —(2m* —=3m +2) > 0, Va € [2;+0)

Vitam thuc f(z) co

A'=(m+12+32m? =3m+2)=Tm> —=Tm+7>0 Vm eR nén f(z)

m+1—\/; :m+1+\/;

c6 hai nghiém: z, = oy
1 3 12 3

. . T =T
Vi z; <z, nén f(z) < .

Dod(')f(x)ZO‘v’xe[2;+oo)c>x2£2©\/;£5—m

m<H m<5H 3
& g & 9 < -2<m<—.
A'<(5—-m) 2m* +m-6<0 2

2
3.Taco y'= ma_+ dma + 14 nén dé ham nghich bién trén [1;+o0)

(z +2)°

< f(r) =ma® +4mz +14 <0 Vaz e [l;+w) (*) :
Cach 1: Dung tam thirc bac hai
e Néu m =0 khidé (*)khéng théa man.

e Néum#0 .Khidé f(z) c6 A =4m? —14m
Bang xét diu A

m | —o© 0 +00

7
2

A + 0 — 0 +

e NéuO<m< gthi f(z) >0 V2 e R, néu f(z)co hai nghiém T,T,
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thi f(z)<0 < xe(z;2,) nén (*) khong thoa man.

e Néu m < 0hodc m > g Khi dé f(z) =0 c6 hai nghiém

. —2m+\/4m2—14m'$ _—2m—\/4m2—14m
1 T
m m

. < 7 r<x
Vim<0hodicm>—=2 <z, = f(z)<0 < !
2 1 2 ZE>ZL'

2

Do d6 f(z) <0 Vz €[L;+0) & z, <1< -3m 2 V4m’ —14m

m <0 14
Sms ——.

5m’ +14m 2 0 5

. -14 .
Cach2: (*) & m< =g(z) Vzell;+0) < m <min g(z)
v’ + 4z =1
Ta comin g(z) = g(1) = _u4 = m < —E.
r>1 ) 5)

4. Tacoy'=maz® —2(m -1z +3(m-2), Vz e (2§+°°)-

Cach 1.
e Neum=0 khidé y'=22—-6 va y' >0 chidang véi moi = > 3.

e Néum#0khido A'=—-2m2 +4m +1

2
Tuong tu trén , ta tim dugc m > —
Cich 2: Ham dong bién trén Vz € (2;+oo) Sy'>20 Vre (2;+oo)

< ma’ —2(m -1z +3(m—-2)>0 Vme(2;+oo)
@mzﬂzg(x) Vme(2;+oo).
2’ -2 +3

Xét ham s6 g(x) lién tuc trén nira khoang [2; +oo)

2_
TaC(S:g‘(IZ’):MVl’E[Q;-FOO)
(2" — 22 + 3)°
:>g'(a;)=0<:>a;:3+\/8 (vi' z>22)va lim g(z)=0.
T —>+00
2

Lap bang bién thién ta c6 maz g(z) = g(2) = =.
22 3

= m 2 g(x) Vz € [2;+0) & m 2 maz g(z) = =.
22 3
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\ Dang 4 : Sir dung tinh don di¢u ciia ham s6 CM bat ding thirc.
o Dua bét ding thirc vé& dang f(x) > M,z e (a;b).

o Xéthamsd y = f(x),x € (a;b).
e Lap bang bién thién cta ham s trén khoang (a; b) .

e Duya vao bang bién thién va két luan.

Vidu1: Ching minhring: sinz + tanz > 2z ,Vz E(O;gj .

Giai :

Xét ham s f(:z;) =sinz + tanx — 2z lién tuc trén nira khoang {O;gj.

1N

Tacé:f'(x):cosx+ 12 -2>cos’ T+ 12 -2>0,Vz e| 0;—
cos” x cos” 2
:>f( )lahamso dongblentren{ jva f( ) f( Vxe{ j

hay sinz + tanz > 2x Vxe{ j(dpcm)

Vidu 2 : Chimg minh ring
1. sinz <z ,Vzxe {O;%}

3
2. sinz >z — — ,Vwe(O;z)
3! 2

2 4
x

3. cosz<1-" 4+ ,Vwe(O;z)
2 24 2

X

. 3
4. {smxj > CoS ,Vxe(O;%).

Giai :

1. sinz <z ,Vze {O;%}
Xét ham s6 f(z) = sinz — 2 lién tuc trén doan = € {0; %}
Taco: f'(z)=cosz—1<0 Vze {0;%} = f(z) 1a ham nghich bién trén doan {O;%} :

Suyra f(z) < f(0)=0 < sinz <z Ve { } (dpcm).
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xS
2. sinz >z —-— V2 e(0;—)
3! 2

N

3
R Je . T .. A , , T
Xéthamso f(z) =sinz —z + r lién tyc trén nira khoang x € {O;Ej.

2

Ta co: f'(x) = cosx—1+%:> f"(z)=-sinz+zx>0Vzxe {O;gj (theo cau 1)

= f'(z)= f'(0)=0 Vz e{o;gj: Flz) = f(0)=0 Vz e[o;gj

3
= sinT > — , Ve 0;£ (dpcm).
3! 2
2 4

3. cosz<1-L 42 ,V:pe(O;Z)
2 24 2

2 4
Xét ham s g(z) = cosz — 1 + % - % lién tuc trén nira khoang z € {O;%j .

3
Taco: g'(z) =—sinz +x —% <0 Vze {O;%j (theo cau 2)= g(z) < g(0) =0 Vz € {O;%j

2 4

= cosz <-4 , Vo e O;£ (Ppcm).
2 24 2

. 3
4. {smmj > CcoszT ‘v’xe(O;z).
T 2

3
Theo két qua cau 2, ta co: sinz > x — % , Vz € [Ogj

)

. 3
sinz 7 sinz ’ z? 2 z°
= >l-—= >[1-=]| =1-=—+= =
T 6 z 6 2 12 216
sing ) 2 ot 2t z°
= >l-——+—+—(1-—)
T 2 24 24 9

2 . 3 2 4
Vixe(o;gjzl—%>0:(smxj >1-Z 4L

2 4
Mat khac, theo cau 3: 1 — T 1T s cosw Ve 0;£
2 24 2

sin x

X

3
Suy ra { j >cosr ,Vx € (0;%} (dpcm).

A s , . sin
Nhan xét: Taco O <sinz<x = 0<

<1 Vze(0:2) nén
T 2
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. a . 3
sinx sin , LA
{ j > [ j Va < 3. Do do, ta cod két qua sau
T x

’ . 3 /e ~ , S11n
Chung minh rang: véi Vo < 3, ta luon co: {
T

zj >cosx Ve (O;%).

2 2 2
sl T T T

Vidu 3 : Chung minh ré“lng 1 <i+1—i , Vx e {O;gj

Giai :

. 1 1 ..
Xéthamso f(x) = — — lién tuc trén nira khodng = € {O; f} .
sinz 2’ 2

2 9 9f—g? + sin®
TM&f@:_ww+_:($ww sin’ ).

3 3 3 1.3
sl T x T S T

. 3
Theo két qua cau4 - vidu 2, ta co: {sm:pj >cosz VT € [O;%j

T
= —z’cosz+sin’z >0 Vze {O;gj = f'(z)>0 Vz e [O;%j

= f(z) < f(%j zl—i?, Vi e [0;5}

T

Do vay: 1 < S +1- 4 , Vz € {O;zj (dpcm).
sin®z 2’ 7’ 2

3
, e T , . 3 2.8inx tanz 5ot
V1du4:VorlOSx<E . Chirng minh rang 2~ +2 > 22

Gidi :
inaa L
Ta cb: 22.sinm +2tanm 22.‘/22sinw.2tanaz :2'25111%5 ane
. 3z
. sinz+—tanx — ) 1 3 T
Ta chirng minh: 2 2 >272 <:>s1nx+§tanx25x V:pe{o;aj.
e La A . 1 3z ... A , V4
Xét ham so f(x)=s1nx+§tanx—? lién tuc trén nura khoang 0;5 .

1 3_20083x—36052x+1

Taco: f (x) =coszx +
2.cosx 2 2cos’

_ 2
_ (cosz —1)*(2cosz +1) 50 Ve [0;%).

2
2cos” x

= f(r) dong bién trén [O;%) = f(z) 2 f(0) =0 =sinz +%tanx > ga;,Va; € [O;%) (dpcm).
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Vidu 5 : Chung minh bat dang thirc sau v6i moi sb tu nhién n > 1

n, n
7\l/1+£+7\t/1—£<2

n n

Giai :
n

n
bat z =

e(O;l),Vn e N*.
n

Bét dang thirc can ching minh 1a: Y1+ z +¥1 -z <2,Vz € (0;1)

Xét ham f(:B):\]”1+:E+\/”1—:L“, z € [0;1)

:>f'(:z)=l L <0,vz e (0;1)

Jova) ™ -

Vay f(x) giam trén (0;1) nén f(z) < £(0) =2,V  (0;1).

Vidu 6:

1. Cho z >y >z > 0.Chimg minh rang : TLELYST
2y oy

2. Cho z,¥,2z > 0.Chirng minh rang:

I4+y4+24

+ayz(z +y +2) = ay(z +7) + ya(y? + 22 + 2a(2 + 1)

Gidi :
1 Cho :1;2yZzZO.Chlﬁ:ngminhrﬁmg:E+£—|—£Z£+£—i—i
2 Yy x Yy 2z x
r2y=2220

Xét ham s6 : f(x)=£+i+£_(£+g+ij .

z2 Yy x Yy 2 X
. 1 1 z 1 1
Tach: (@)= (C==) = (=) =(y=2)(—-—)20.7r20
2y z© Y=

= f(x)lé ham s6 dong bién Vz >0 = f(z) > f(y) = 0 = dpcm.

2. Cho z,y,2z > 0 Ching minh rang:

syt v 2 v apea vy + 2) 2 ay(a? )+ + 20) + (R + 2.

Khong mat tinh tong quét ta gia si: z >y > 2> 0 .

Yoy +y+ 2) —ay(@® + y7) — ya(y? + 2%) — 2a(2 + 2) Ta ¢6

Xét ham sd f(z) = 2t +y* + 2
fl(z) = 4g3 — 3:1;2(3/ +2)+ayz+y(z+y+2) - (y3 + z3)

= "(z) =122% — 62(y + 2) + 2yz
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= f"2)>0 (o z2y>2)= fl(z)=f'(y) =2y —2> = 2%(y—2) > 0 nén f(z) la ham sé dong

bién. = f(z) > f(y) = 2* — 2%y + %2* = 22(2 —y)* > 0 = dpem.

Vidu7:

1. Cho a,b,c > 0. Chimg minh ring; — b ¢
a

3
+ + >—.
+b b+c c+a 2

2. Cho 0 <a <b < ¢.Ching minh rang;

PAY/
2a N 2b N 2¢ £3+(C a) '
b+c c+a a+bd a(c+ a)
Giai :
, . M a b c 3
1. Cho a,b,c > 0. Ching minh rang: + + > =
a+b b+c c+a 2
Détxzﬁ,y:E,z=2:>myz=1vébétd§ngthﬁ’cdécho<:> L + ! + L Zﬁ.
a b c 142 14y 1+z 2

12 o

Lo N
Giasur 2 <1 = 2y >1 nén co: + > =
L+z 1+y 14y 1+\/;

142 14y 14z 1+\/; 1+z 1+t 142
Taco: f'(t) = 2 2 SQ(l_t)SO
A+t7 QA+ 1+t
= f(t) = f(1) :% , Vt <1=dpem.
N2
2. Cho 0 <a <b < ¢. Chimg minh rang: 2 + 2 + 2¢ £3+(C—a)
b+c c+a a+bd a(c+a)

. b c s oas 1 A, al , hY , . I
bit —=a,— =2,1 < a <z . Khido bat dang thurc can chung minh tré thanh
a a

2 2a 2 P rr+4
+ + <

a+z l1+z l+a  x+1
<©a3+x+12(2x+1+2a+2ﬁ£iﬂ)
a+zx 1+«
Xéthamsé f(z) = a? +z+1- @22 1og+ 22@ED) oy
a+zx 1+«
22z +1) a-1

Taco: f'(z)=2x+1- -2
a+1 (z +a)
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fa)=(@-n| 22 _|>0, 1<asxq
at+l (2 +a)
Nhu viy ham f(z) 1a ddng bién do do f(z) > f(a) = a® —3a + 3 - 1
a

Nhung f'(a):2a—3+i:a+a+i—3233/a.a.i—320
o o o

= f(z) 2 f(a) 2 f(1) = 0 = dpcm.

BAI TAP TU LUYEN
1. Cho ham sb f(:z;) =2sinz +tanx — 32z

a) Chirng minh rang ham s6 dong bién trén nira khoang [O;gj .

b) Chirng minh rang 2sinz + tanz > 3z véimoi z € {O;% .
2.

a) Ching minh rang tanz >z véimoi z € (O;%J.
, . M 7’ ;. . T
b) Chirng minh rang tanx>x+€ Vol mol z € 0;5 .

3. Cho ham sb f(x) =éx—tanx voimoi z € {0;%}
7

. A X 9N 5 A A A T
a) Xét chiéu bién thién ciia ham so trén doan [O;Z} .

.4 .
b) Trdo suyrarang —z > tanz véimoi z € {0;%}.
7T

4. Chimg minh ring cac bat dang thirc sau :

a) sinz <z véimoi z >0 , Sinz > 2 véimoi x <0
x2

b) coszx > 1—5 voimoi z # 0

. AR . A
c)smx>x—gvolmolm>0 ,smx<x—gvmmo1m<0

d) sinz +tanz > 2z véimoi z e(o;%j

5. Chimg minh rang

a. ' >21+z, Ve
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2
b. ex21+:n+%,V:B20

6. Chimg minh rang In(1+z) > z — %xQ V>0 .

7. Tim s6 thyc a nho nhat dé bat dang thirc sau dang v6i V>0 In(1+2z) > = —az’.

8. Tim tit ca cac giatrictia a dé: a” 21+ Vz>0.

b a
9. Choa > b > 0. Chirng minh rang : (2a + ij < (Qb + ibj .
2¢ 2

y T
10. Chirng minh : (2w+3$) <(2y+3y) ,x>y>0.

x+b b
11. Cho z,a,b > 0,a # b. Ching minh rang: rra >
r+b b

12. Chiig minh rang : z > ln(l + x),‘v’x >0

13. Chimg minh rang v6i z € (4 ;+ ), ta ludn c6 2° > 2

14. Tim cac cip sd nguyén (w;y) théa man (z —y)"™"" = (z +y)""’
Huéng dan :

1.

a) Chung minh rang ham sé dong bién trén nita khoang [0;%)

Ham s6 f(:n) = 2sinx + tan x — 3z lién tyc trén nura khoang [O;gj va c6 dao ham

2
3 2cos’x+1—3cos’ z
cos’ z cos’

f'(m) =2cosz +

(1 — Cos x)2 (2 cosx + 1)

f'(m): >O,Vxe(0;gj

COS2 Z

Do d6 ham s6 f(x) = 2sinz + tanz — 3z dong bién trén nira khoang {O;gj
b) Chirng minh rang 2sinz + tanz > 3z voimoi z € [0;%}

\ X . X - & A , , T \ T
Ham s6 f(ac) =2sinz + tanz — 3z dong bién trén nira khodng {O;Ej va f(:c) > f(()) =0,Vz e [O;Ej;

do d6 2sinz+tanz —3x >0 moi z e(O;%j hay 2sinz + tanxz > 3z vé6imoi z € [0;%}

2.
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a) Chirng minh rang ham sb f(x) = tanz — z dong bién trén nira khoang [O;gj.

\ A ‘A A , , T o \
Ham so f(x) =tanz —z lién tuc trén nua khoang [O;Ej va c6 dao ham

f'(x): 1 —1:tan2x>0,‘v’xe(0;gj.

cos’ ¥
F1x A A X A , ) T \ T
Do d6 ham so f(x) = tanx — r dong bién trén nira khoang [O;Ej va f(x) > f(O) =0,V e {O;EJ hay
tanz > x.

3
b) Chimg minh ring tanz > +% vOimoi x € {O;%J.

3
Xét ham sb g(m) =tanx—x— % trén nira khoang [O;gj.

3
\ J N A , ) T g \
Hamso g (m) =tanx—x— ey lién tyc trén nra khoang [O;Ej va ¢6 dao ham

1 f
g'(fﬂ): > ~1-2°=tan’z —2°
cos” x

T | A
g'(m):(tanx—m)(tanm+x)>O,V:pe(0;5jcau a)
Do d6 ham s g(m) =tanzr -z —%Sdéng bién trén nira khoang [O;gj va g(:p) > g(O) =0,Vz e {0;%}
hay tanz > x+%3 vO1 moi x e(O;%}.
3.

. A X 9N 5 A A A T
a) Xét chiéu bién thién ciia ham so trén doan [O;Z} .

. 4 . . \
Ham s6 f(x) = —x —tanx lién truc trén doan {0;%} va c6 dao ham

V4
4 1 4—-r f V4
""z)=—— = —tan®z, Vo e| 0=,
f() T cos’z T [ 4}
4 —
f'(x)zO@tanx:,f dd
Vs
) 4—-r /A U £ T 4—-r
Vi0< <1:tanz nén ton tai mdt s6 duy nhat ¢ e O;Z sao cho tanc =
V4 Vs

J f'(:z:) > 0,2 € (0;0) —ham sb f(:n)déng bién trén doan = € [O; c]

o f'(:p) <0,z € (c;%j = ham s f(:n)nghich bién trén doan z € {c;%}
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b) D& thiy OSf(x)Sf(c);Vxe{O;%}:éx—taanO hay éa;Ztanx v&i moi xe[o;%}.
T V4

4.
a) sinz <z véimoi z >0

Hams6 f (m) = z — sin z lién tyc trén ntra khoang [O;gj va c6 dao ham
. o X T ,o1a £ 2 X ~ , , T \ ,
f'(x) =1-cosz = 2sin 5 >0,Vz e {O;EJ. Do d6 ham so6 dong bien trén nira khoang {O;Ejva ta co

Vs V4 V4
z)>fl0)=0,Vze|0;—|,ticla z —sinxz >0,Vx €| 0;— | hay = >sinz,Vz €| 0;— |.

2
b) COS$>1—? voimoi x # 0

2
\ A T A A , ) g \ . e
Ham so f(x) =cosx—1+ Ehen tuc trén nura khoang [0; +oo) va ¢6 dao ham f'(m) =z —sinx >0 voi

moi z > 0( theo caua).
Do d6 ham s6 f(x)déng bién trén ntra khoang [O; +oo)vé ta co f(x) > f(O) =0,Vz >0, tucla

2
cosx—l+%>0,Vm>0

2
Véimoi z <0, tacd COS(—%)—1+%>O,VZE<O hay COS£E—1+%>0,V£E<O

2
A ..
Vay cosx>1—§ voimoi z # 0

3

¢) Ham sb f(x) =z —% — sinz . Theo cau b thi f'(:n) <0,Vz # 0. Do d6 ham sb nghich bién trén R. Va

{f(x)>f(0) khi 1<0
f(z)<f(0) khi z>0

d) sinz +tanz > 2z véimoi z e(o;%j

\ A . ‘A A , ) T \ \
Hamso f (m) = sinx + tan x — 2z lién tuc trén nira khoang {O;Ej va c6 dao ham

—2>cos’r +
cos” x cos” x

f'(m) =cosx + -2>0,Vz e (O;%). Do d6 ham sé dong bién trén nira

khoang {o;nga taco f(z)> f(0)=0.Vze (ogj

S5.a0.e¢">1+2,Vz
Xét ham sd f(z) = e” —x —1 lién tuc trén R .

Taco: f'(z)=e" -1= f'(2) =02 =0
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Lap bang bién thién, ta thay f(z) > f(0) =0 Vz.

2
b. 6I21+ZL‘+%,V£ZO

2
Xéthamsd f(z)=e” -1 -z - % lién tuc trén ntra khoang [0; +oo)

Taco: f'(z) =e” —1—2>0 Vz (theo két qua cau 1) = f(z) > f(0)=0 Vz >0 dpcm.
6.

Xét ham s6 f(z) = In(1 + ) — z + %xQ lién tuc trén nira khoang [0; +oo) .

2

>0, Vz 20
r+1

= f(z) = f(0)=0 Vz>0= (1) ding.

7. Tim s6 thyc a nho nhat &é BDT sau ding voi Vz > 0 In(1 + z) > 2 —az®  (2).
Gia sir (1) dung voi Vo > 0 = (2) ding voi Vo > 0

1
Taco f'(z)=———-1+2x =
1+z

Mz_a vz >0 (3).
$2
Cho x—>0+,tacézwj—%2—a®a2%.
2
T

Khi dé: x—le >x—ax’ VYr>0.

Ma theo ching minh ¢ cau 1 thi: In(1+ z) > z — %xQ V>0,
suyra In(l+2)>x2—az® Vz>0.

Vay a = — la gia tri can tim.

1
2
8.
Xéthamsd : f(zx)=a” —z—-120 véi x>0 (¥).

Ta c6: f(z) 1a ham lién tyc trén [0;+0) vacd f'(z) =a” Ina—1 .

e Nu0<a<l=Ina<0= f'(z)<0 Vz>0= f(z)nghichbién.= f(z)< f(0)=0 V&>0=
mau thuan voi (¥). ‘

= a < 1 khong thoa yéu cau bai toan.

e Neua>e=a"lna-1>¢"~1>0 Vz >0 = f(z) la ham dong bién trén

[0;4+00) = f(z) > f(0) =0 V> 0= a > e thda yéu ciu bai toan.

e l<a<e,khido f'(z)=0< z =g, =—-log, (Ina)>0 va f'(z) doi déu tir 4m sang dwong khi = di

qua z,, dan dén r;1>1n f(z) = f(=,)

:>f(x)20Vx20<:>f(x0)20<:>1i+loga(lna)—120
na



Nguyén Phii Khanh -Nguyén Tét Thu

! +1n(1na)_120 < 1+In(Ina)—Ina >0
Ina Ina
anelna >0 elna>2a<elna—a >0 (*%).

a
Xét ham so g(a) =elna—a voi 1 <a <e, tacod:

g'(a) = £_1>0Vae (I;e) = g(a) < g(e) = 0 Va € (1;¢) mau thudn véi (**) = 1 < a < e khong thoa
a

yéu cau bai toan.
Viya=>e.

9. Ta co:

<:>bln(4a +1)Saln(4b +1)@

In (4t n 1)

<

Xétham s6 : f ()= L te(040) = (1) & fla) < f(b) ()
4% In 4t —(4t +1)ln(4t +1)
t2 (4t + 1)

Ma a > b >0 = (2) ding nén bat dang thirc dugc chirg minh

Tacé:f'(t):

< 0,Vt >0 nén ham s6 nghich bién trén (0; +oo) .

Nghién ctru k¥ hon vé dang toan nay ¢ chuyén dé “ Mi — Logarit”
12. Ching minh ring : z > ln(l + x),Vx >0

Hamsb f (m) = - ln(l + ac) xac dinh va lién tuc trén nira khoang [0; +oo) va c6 dao ham

f'(x) =1- 7 >0 véimoi z > 0 . Do d6 ham sb f(x) dong bién trén nira khoang [0; +oo), hon nira
x

f(ac)>f(0):0 voimoi x > 0

Hay z > ln(1+m),V:L“ >0 .

13.
Xét ham s6 f(z) = 2" — * lién tuc trén khoang (4 ;+ o).

Taco: f'(z) =2"In2-22, f'(z)=2"In"2-2
Viln2>%:>1n22>i:>2"’1n22>4:>2"’1n22—2>0,V:1;>4 = f"(z) >0,Vz >4 nén
fi(x)> f(4), V>4 va f(4)=2"In2-8>0= f'(z)>0,Vz > 4.

Do d6 f(z) > f(4)=0,Vz >4 =2" >1° ,Vz >4
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. A . Ao A As o r1 s 4 Inz . A )
Cach 2 : lay logarit tu nhién ca 2 vé roi xét ham s6 h(xz) = —— lién tuc trén khoang (4 ;+ o).
T

14.

T giai thiét suyra (z —y)"" >0 =z -y #0

Giasit 2 —y <Othitaphdico v +y =2k (keN)=(z—y)" =(z-y)" >1
1

(Qk)f(w)

Ly logarit tu nhién ca 2 vé ctia (z —y)"™" = (z +y)" " tadugc (z +y)In(z —y) = (z — y)In(z + )

In(z—-y) In(z+y)
< T -y T+Yy ()

Honnira (z +y)"" = (2k)"" = <1l,dodd z—y>0.

Xét hamsb f(t) = lnTt lién tuc trén khoang (O; +oo).

1-Int

Taco: f'(t) = 3 te (0;+oo)

f(t)=0<t=e.Hamsd f(t) = lnTt don di¢u trén cach khoang (0 ; e)va (e ; + ).

Khi d6 phuong trinh (*) tro thanh f(z - y) = f(z + ).

O<z—-y<e x
Vio<z-y<z+y nén (a):> =
T

e<zT+y 2 = (z +y) (**)

|:J} +y =1 (loai)
y<4 (b)

Tu (a),(b)suyra {iii:;l@ {;:f

Dang 5 : Dung don di¢u ham s0 dé giai va bién luan phuwong trinh
va bat phwong trinh .

Chuyl:
Néu hamsd y = f (x) luén don diéu nghiém cach trén D ( hoic ludn dong bién hodc ludn nghich bién trén

D) thi s6 nghiém ctia phuong trinh : f(x) =k s& khong nhiéu hon mot va f(x) = f(y) khi va chi khi

T=9.
Chiy 2:
e Néuhamsd y = f (g;) luén don diéu nghiém cach trén D ( hodc luon ddng bién hodc ludn nghich bién

trén D )vahamsd y = g (x) luén don diéu nghiém ngoic ( hodc luén ddng bién hoic ludn nghich bién )
trén D, thi s6 nghiém trén D cta phuong trinh f (x) =g (x) khong nhiéu hon mot.
e Néu hamsd y = f (x) c6 dao ham dén cdp n trén D va phuong trinh f(k)(a:) =0 c6 m nghiém, khi d6

phuong trinh f(k _1)(:1;) = 0 ¢6 nhiéu nhit 1 m + 1 nghiém.
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Vidu 1 : Giai cac phuong trinh
1.32(2+V92° +3)+ (dz+2)(N1+z+2° +1) =0

2.x3—4x2—5x+6=37x2+9x—4

Giai :
1.32(2+V92° +3)+ (4z +2)(N1+z+2° +1) =0 (1)

Phuong trinh (1) < (=3z)(2 +/(-32)" +3) = 2z + 1)(2+/(2z + 1)’ +3) (2)

bit v = -3z,v =2z +Lu,v >0

Phuong trinh (1) < u(2 + \/74-3) =v(2+ M) (3)

Xétham sb f(t) =2t +Vt' + 3t lién tuc trén khoang (0;-+o0)
2t° + 3¢

Vt' + 3t

Khi d6 phuong trinh (3) < f(u) = f(v) S u=v < 3r=20+1c 1 = _é

Taco f'(t) =2+ >0, Vi>0= f(t) ddng bién trén khoang (O; +oo).

Vay z = —% 14 nghiém duy nhat cua phuong trinh.
2.4° — 42> —Br+6 =T + 95— 4.

C ¥ — i 7’ —42° -5 +6=y
bat y=y =+7z" + 9z — 4. Khi d6 phuong trinh cho < ) s
Tx"+9r—-4=y

2’ — 42 —5r+6=y 2’ —42* —br+6=y
< y3+y=x3+3$2+4$+2© y3+y:(x+1)3+:1:+1(*) (])
(*) c6 dang f(y):f(x+1) (a)
Xét ham f(t)=t3+t,teR
Vi f'(t):3t2+1>0,‘v’teR nén ham sé dong bién trén tap sb thuc R .

Khi d6 (a)<:>y=:1:+1

A 1’ —41" -5 +6=y x3—4$2—6$+5=0(**)
H¢<z>@{y:m @{y:m

Giai phuong trinh (* *) ta c6 tap nghiém : S = {5,

—1+\/g —1—\/3}

2 2

Vi du 2 : Chirng minh rang phuong trinh: 22°vz — 2 = 11¢6 nghiém
duy nhat.

Giai :
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Cach1:
Xét ham sé y = 22°vz — 2 lién tuc trén nira khoang [2; +oo) .
x(5x - 8)
Tacd: y'= ——">0,Vz € (2+20) lim y = lim (2:52 z —2) = +oo
x _ 2 T—>+00 T—>+0
Béng bién thién :
T 2 +00
y' | +
Y /V+oo
0

Dua vao bang bién thién ta thiy do thi cia ham sé y = 22°vz — 2 Iudn cit dudng thing y = 11tai duy nhit
mot diém. Do d6 phuong trinh 22z — 2 = 11¢6 nghiém duy nhét .

Cach 2:

Xét ham sé y = f(:z:) = 22’z —2 — 11 lién tyc trén nira khoang [2;+oo) .

Ta co f(2) = —11,f(3) =7.Vi f(2)f(3) =-T77T<0> f(:z;) =0 c6 it nhat mot nghiém trong khoang

(2;3).
:1;(53: - 8) i . v
f'(a;) = —2 >0,Vz e (2;+oo) = f(:z;) lién tuc va dong bién trén khoang (2;3).
-

Vay phuong trinh cho ¢6 nghiém duy nhat thudc khoang (2; 3) .

Vi du 3 : Giai bat phuong trinh sau \/5:10 -1 +\/ZL‘ +32>4

Giai :

Piéu kién : z > é

Xét ham s6 f(z) = V52 —1++z +3 lién tuc trén nira khoang [é ; +ooJ

5,1
W5r-1 2z-1

13 ham s6 ddng bién trén nira khoang E ; +ooj va f(1) = 4 , khi d6 bat phuong trinh cho

Taco:f'(z)

>0 ,Vm>é:f(x)

< fle)2 () e z>1.
Vay bat phuong trinh cho c6 nghiém 1a z > 1.

Vi du 4 : Giai bat phuong trinh sau 3v/3 — 2z + \/5_ -2z <6
2¢ -1
Gidi :

biéu kién: 1 <z < 3
2 2
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Bét phuong trinh cho < 3+/3 -2z +

<22 +6 < f(z) < g(z) ()
2r -1

Xét ham s6 f(z) = 3v3 — 2z + lién tuc trén nira khoang (%,g}

5
V2z -1
-3 5
V3-2z  (V2z-1)°

Hamsb g(z) =2z +6 1a ham déng biéntrén R va f(1) = g(1) =8

Tacd:f'(z) = <0,Vz e (%,gj = f(z) 1a ham nghich bién trén nira doan (%,%}

o Néuz>1= f(x) < f(1) = 8= g(1) < g(x) = (*) ding
e Néuz<1= f(z)> f(1) =8 = g(1) > g(x) = (*) vO nghiém.
Vay nghiém ctia bit phuong trinh da cho 1a: 1< z < g

Vi du 5 : Giai bat phuong trinh sau
J@+2)2z-1) =3Jz +6 <4 —\J(z +6)(2z — 1) + 3z +2

Giai :

Diéu kién: 7 > % .

Bét phuong trinh cho < (\/ZB +2 + +6)(\/2:Jc -1-3)<4 (*)

eNéu V22 -1 -3<0 < 2 <5= (*) luon ding.
eNéu z > 5

Xét ham sb f(z) \/:1:+2 +\/:1;+6 \/23: 1 — 3) lién tuc trén khoang (5 +oo)

1 1 )( 2x_1_3)+\/x+2+\/x+6
MW +2 2\/x+6 Vor -1

khodng (5;+00) va f(7) =4 ,dodé (*) < f(x) < f(T) < a<T.
1
2

Tacod: f'(z)=(

>0,V >5 = f(:z;) dong bién trén

Vay nghiém ctia bt phuong trinh ddchola: — <z < 7.

Vidu 6 : Giai bat phuong trinh sau

V223 4 302 1 62 + 16 < 23 + V1 — 2

223 4322 16241620
bicu kién: & —2< <4,
4—12>0

Bét phuong trinh cho < \/Qx?’ 1302 462416 —J4—z <23 = f(z) < N3 (*)

Xét ham sd f(x) \/23; +32% 462 +16 —V4 -z lign tuc trén doan [—2;4} .
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_ 3G’ +a+ L]
V2rd 4307 4 60 416 247
(-24) va f(1) =243 ,dodd (*) & f(x) < f(1) &z <1,

Vay nghiém ctia bt phuong trinh da cho 1a: 2 <z < 1.

Ta co: f'(z) >0,Vz e (—2;4) = f(x) ddng bién trén nira khoang

Vidy7:Ching minhrang z' —z+1>0, Vz

Giai :
Xét ham s f(z) = z* —2 + 1 lién tuc trén R.

Tacod f'(x) =4z’ —1 va f'(a;)z()<:>a;=L

o

Vi f'(x) doi dau tir am sang dwong khi z qua % , do do
3
4

L)— L —L+1>O

mlnf(x):f(é/z _43/1 %/Z

Vay f(z) >0, Vz.

Vidu 8 : Gidi hé phuong trinh

) N2z +3+J4—y =4 (1)
2y +3+Va—z =4 (2

2.{3;3 +22 =y (1)

y3+2y::1: (2)
' =3z =y -3y (1)
' +y" =1 (2)

3.

Giai :

, N2z +3+/4—y =4 (1)
2y +3+Va—z =4 (2

—§ <zr<A4
Didu kién: :2)) .
——<y<d4

5 S

Cach 1:

Trr (1) va (2) ta duoc:
V2r+3 -4 -z =2y+3-J4-y (3)
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Xét ham s§ f(t) = V2t + 3 —~/4 — ¢ lién tuc trén doan {—%; 4}.

1 1

= +
Vor+3 24—t
Thay z = y vao (1) ,ta duogc:

3

Ta co: f/(z) > 0, Vte(—g; 4):(3)<:>f(x)=f(y)c>x=y.

N2z +3+Vd-z =4 z+7+2J2z+3)(4-2) =16

9—2>0 r=3
<:>2\/—2:L“2+5x+12:9—x<:> 95% — 382 + 33 O<:> 11 Vay hé phuong trinh c6 2 nghi¢m
r — T + = Tr =—
9
11
L lz=3 |*=7
phan biét , 9
y=3 y_ﬂ

Cach 2:

Trur (1) va (2) ta dugc:

2z +3) - (2y + 3) N 4-y)—-4-x)
V2r+3+42y+3 Jd-y+vd—z

@(x—y)( & . jzo(*).

+
Vor+3++42y+3 Ja-y+Vi-z

=0

(\/2x+3—\/2y+3)+(\/4—y—\/4—x):O<:>

Vi 2 + !
V2r+3++/2y+3 JA-y+Vi-z
Thay z = y vao (1),ta duoc:

Vor+3+Va-z =4 z+7+2J2r+3)(4-2) =16

>Onén(*)<:>x=y

9—22>0 z=3
N2 +brr12=9-21 = 1
92 =382 +33 =0 T ==
9
1
| _fz=3 |r=7
Vay h¢ phuong trinh c6 2 nghiém phan bi¢t g7 191 .
y = !
Y 9
3
x° +2x = 1
N v (1)
v 42y =z (2)
Cach1:
Xéthamsd f(t) = t* +2t = f/(t) = 3> +2 > 0, Vt e R.
x) = 1
H¢ phuong trinh tr¢ thanh fl@) =y ()
fly) =z (2)

+Néu z >y = f(z) > f(y) = y > z (do (1) va (2) ddn dén mau thuin).
+Néu z < y = f(z) < f(y) = y < x(mau thuan).
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Suyra z =y, thé vao hé ta duoc
:1;3+x:0<:>x(x2+1):0<:>x=0 n ozt +1>0.

z=0

vayhecéngh@nlduynh&,{ 0
y:

Cach 2:
Tru (1) va (2) ta dugc:

22—y +3r-3y=0 (z-y)(@*+y* +a2y+3)=0
< (z—vy) (fL‘-f-%j +%+3 =0 =y

Thé z = y vao (1) va (2)taduoc:z® + 2 = 0 < x(m2 +1) =0 r=0

. =0
Vay h¢ phuong trinh c6 nghiém duy nhat {x 0
y =
=3z =y -3y (1)
' +y" =1 (2)
Tu (1) va (2) suyra -1 <2,y <1
(1) = flx) = f(y) (%)

Xéthamsd f(t) = t° — 3t lién tuc trén doan [—1;1], ta co

(=3¢ -1)<0Vvte[-L1]= f(t) nghich bién trén doan [—1;1]

3.

Do d6: (*) < = = y thay vao (2) ta dugc nghiémciahé la: x =y = +

S
5

Vidu 9 : Gidi hé phuong trinh

1 1
p-=y-= ()
1 x Y
22 —ay—1=0 (2)
1
r——=y—— (1
5 v (1)
2y =2° +1 (2)
Giai :
1 1
p-=y-= ()
1 x Y

Pidu kién: z = 0, y # 0. Ta co:
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y=2x
(1)@(x—y)(1+ij:o@ )
Yy y:—;,

e y = x phuong trinh (2)<:>x2—1=0<:>x:i1.

° Yy = —lphu:ong trinh (2) vd nghi¢m.
T
) ) r=1 |z=-1
Vay h¢ phuong trinh c6 2 nghi¢ém phan biét 1 ; 1
Yy = y=-

Binh luin:
1 1
i ==y —— (1)
Cach giai sau day sai: x Y .
20 —ay—-1=0 (2)
Pidukién: z =0, y # 0.
Xét ham s

f(t)=t—%, teR\{O}:f/(t)=1+tl2>o, Vie R\ {0}
Suyra (1) & f(z) = f(y) & z =y!
Sai do ham s6 f(¢) don diéu trén 2 khoang rdi nhau (cu thé
F(-1)=1(1)=0

1 1

r-==y-= (1
N xyy()

u=2+1 (2

Cach I:
Diu kién: z =0, y # 0.

_ =Y
(1)<:>x—y+x yzO@(m—y)[l—i—ij:O@ 1
Ty Ty

z=1
e z =y phuong trinh (2) & _1++5
r=———
2

. y:—l phuong trinh (2) < z* + 2 +2 = 0.
T

Xéthamsd f(z) =zt +2+2= f/(2) =42 +1=0 < z =

S
E)—‘

— | =2—-———>0. N} — 1 .
I (JZ] 70 Jim = lim = e

= f(z) >0, Vz e R = z' + 2 + 2 = 0 v0 nghiém.

Cach 2:
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Diéu kién: z = 0, y # 0.

T — 1 T=Y
e z-y+ yzO@(m—y)(le—]:O@ 1
Y
rz=1
e 1 =y phuong trinh (2) < 1++/5
r=—,
2

. y:—l phuong trinh (2) < 2% + 2 +2 = 0.
T

0Vdi‘x‘<1:>x+2>0:>x4+m+2>0.

4Z‘m‘2—x:>m4+x+2>0.

e Véi ‘x‘ 2l=>z
Suy ra phuong trinh (2) v6 nghi¢m.

“1++/5 ~1-+5
r=— r=—

Vay hé phuong trinh ¢6 3 nghiém phan biét 1 v 2 2 _
yhep £ 8 P { = _—1+\/3 _—1—\/3
Y 2 Y 2
Vidu 10: Giai cac h¢ phuong trinh
y = 2z
1-2°
1=
1—y2
2z
T = .
1-2
Y’ —92° +272-27 =0
2.92° —9y" + 2Ty —27 =0
' =922 +272-27=0
Giai :
y = 2z
1-2?
1.4z = 2y
1—y2
- 2z
1-2°

Giasur x>y >z

Xét ham sb : f(t) = 12—22 xac dinhtrén D = R\ {il} .Tacod
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2(t* +1) T A
f(t) = >0,V eD = f(t) luén dong bien trén D .
1=y

Do do : x>y>z:>f(x)>f(y)>f(z):>y>z>x.Méuthuén,dod(')diéugiés&sai.

Tuong tu = < y < z khong thoa .
Vayz =y =2
H¢ cho c6 nghiém : (m;y;z) = (O;O;O)
y' — 92" +272-27=0
2.92° —9y" + 27Ty —27 =0
2’ —92° +272-27=0

y* —92° +272-27=0 y® =92° + 27z — 27
22 =9y +2Ty 27 =0 < {2° =9y* + 27y - 27
2’ =92 +272-27=0 2’ =92" +272-27

Xét ham sb dic trung : f(t) = 9t* — 27t +27 = f'(t) = 18t — 27
f@>0Nt>g

f'(t):0<:>18t—27=0<:>t=g:> 3
"t)<0,Vt <—
(1) >

Ham sé dong bién trén khoang {g : +ooj va nghich bién trén khoang (—oo;gj Ham s6 dat gid tri nho nhét tai

2 2 4

Va f(t) > 2 o ot aor s 2L
4 4
27 3 3 |77 7 >g
Sy y>—>== da
4 Ja 2 3 3
Z22—=>—
a2
flx)=y
Vay z,y, z thuoc mién dong bién, suy ra hé¢ phuong trinh  { f(y) = z 1a hé hoan vi vong quanh.
f(z) ==

Khong mat tinh tong quat gia st
z2y=fla)2fly) =y’ 22" = y>2
S fy)>2f) =22 z2202
ST2Y222T =T =Y=2

Thay vao hé ta c6: 2° —92° + 272 -27=0=z = 3.

Suyra: z=y=2=3
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BAI TAP TU LUYEN

[y

Gidi phuong trinh 81 sin’ z + cos' z = ﬂ("‘)
256
2. Gidi cac phuong trinh

(7 +592)°7 — (17 +1242)"" = cos 3z

2 T T
C eI 4 osp=2 1 € {——'—j.

—_

[N}

. 2003” +2005" = 4006 + 2
3% =1+ z +logy(1 +2z)

= W

3. Gidi cac phuong trinh
3z-a2-1
.logg(\/xz—3x+2 +2)+{%) :2(*)

.(x—3)[log3(a§—5)+log5(m—3)} =x+2

3

.lng{\/;+gj+2I+ Ty =92

4. Giai h¢ phuong trinh:

—_

[\

w

. r+N2’ =20 +2=3"+1 ( R)
. LY €
y+4y —2y+2=3"+1
(1+421:—y)51—21‘+y _ 1+22x—y+1 (1)
2.
y3 +431:+1+1n(y2 +22)=0 (2
e =2009 - —
5. Chimg minh rang hé phuong trinh y -1 (1) ¢6 ding 2 nghiém thoa méin diéu kién
¢’ = 2009 - ——
2’ -1
x>Ly>1.

Inl+z)-In(1+y) =2 - 1
6. Giai hé phuong trinh (2 ) g v) Y ( )
22 =dxy+y =0 (2)
7. Giai cac hé phuong trinh

2’ +3z-3+In(z" —z+1) =y

—_

v +3y—-3+In(y’ —y+1)=2

2 +32-3+In(z" —2z+1) =z
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Va' -2z +61log (6 —y) =z

2.9\ y° — 2y + 6log,(6-2) =1y
Vz' =2z +6log (6 -1) =2

Huéng dan :
1.

Déttzsinzaz; 0<t<1.

. 5 5 81
Khi d6 phuong trinh (*) < 81t + (1-t)’ =——,t €| 0;1
phuong trinh (*) (-t = tel0]
Xét ham s f(t) = 81t° + (1 —t)° lién tuc trén doan [O; 1] , ta co:

£t =581t - (1-)']t e[ 0;1]

81t = (1-1¢)* 1
f't)=0< St=—
te [0; 1] 4
A1z A A A s NP , 1 81
Lap bang bién thién va tir bang bién thién ta c6: f(t) > f (Z) = %56

Vay phuong trinh ¢6 nghiém t=i<:> sin” =i<:> cos 21 =%<:> T =%+k7z (keZ).

2.
1. (7 +542)7 — (17 +122)°"" = cos 3z

e 1+ (1424 = 4cos® 2 — 3cosa

& (1+2)%7 4 3cosz = dcos® 7+ (1 +2)4

Xeéthamsd : f(t) :(1+\/§)t + 1 lién tuc trén R ta b

7(t) = (1+\/§)t ln(1+\/§)+1 >0,t e R = f(t) 1a ham s6 ddng bién trén R , nén ta 6
f(3cosz)=f(4cos3z)

<:>(BCOS:U):4COS3$<:>COSB$=O<:>x:%+%T,k:eZ

2 T T
2. e'T 4 osp=2 pe|-—;=
22
y \ 4 tanzm I A v T
Xéthamso : f(z)=e + cosz lién tuc trén khoang x € (_E’EJ

Ta co
2
tan“z
1 2 . . 2e
fl(z)=2tanz.——e" "™ ¥ —ginz =sinz
cos’x cos’t

- COSSZL’
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2 .
Vi 2et T > 9> cos’s > 0
Nén dau cta f'(z) chinh la dau cia sinz . Tirday ta co f(z) > f(0) =2
Vay phuong trinh da cho ¢6 nghiém duy nhat z = 0.
3. 2003" +2005" = 4006z + 2
Xét ham sé : f(z) = 2003” + 20057 — 4006z — 2 lién tuc trén R .

Ta c6: f'(x) =2003" In2003 + 2005” In 2005 — 4006

f"(z) = 2003 In* 2003 + 2005” In* 2005 > 0 Vz e R = f"(z) = 0 vd nghiétm= f'(x) =0 c6 nhidu
nhét 13 mot nghiém . Do d6 phuong trinh f (x) = 0 c6 nhiéu nhét 13 hai nghiém va f (0) =f (1) =0 nén
phuong trinh da cho ¢6 hai nghiém z =0,z =1

4. 3" =1+ +logs(l +2z)
xr>——

Phuong trinh cho <> 3% + & =1+ 2z + log, (1 + 2z) < 37 +logy 3% =1+ 2z +log, (1 + 22)(*)

Xét ham'sé: f(t) =t +log, ¢ lién tuc trén khoang (0;+oo), ta co f'(t) 14t 2> 0,t>0= f(t) 1a

tln
ham dong bién khoang (0; +oo) nén phuong trinh

()= fB") =f1+20) = 3" =20+1 3" —20-1=0 (*¥)

Xéthamsd: f(z)=3" -2z -1= f'(z)=3"In3-2= f"(z) =3°In?3 >0

= f(x) = 0 c6 nhiéu nhét Ia hai nghiém, va f(0) = f(1) =0 nén phuong trinh da cho c6 hai

nghiémz =0,z =1.
3.

1 3z—2’-1
1.10g3(\/a:2—3x+2 +2)+{gj :2(*)

Pitukién 22 —-3z+2>0 < x<1vz>2

Pit u =vz* -3z +2,u>0
1-uw
Phuong trinh (*) < log, (u + 2) + {%j =2 < log, (u + 2) + (%jb“z =2,u > 0(* *)

Xét ham sb : f(u) = log, (u + 2) + (éjyz lién tyc trén nira khoang [0;+oo)

Tacod: f(u) = 1 +15“2.1n 52u > 0,Vu > 0= f(u) dong bién trén nira khoang [O;Jroo) va
(u+2)In3 5

f(l) =2 = u =1 la nghiém phuong trinh (* *) )



Nguyén Phii Khanh -Nguyén Tét Thu

Khidé Vi’ —3z+2=12>-32+1=0 < 2 _ thoa diéu kién.
3+\/g
:L‘:
2

2. (x—3)[log3(x—5)+log5 (x—3)} =z +2

biéukién: = >5

Khi d6 phuong trinh : (x - 3)[log3 (a: - 5) + log, (x - 3)} =z+2

T +2

-3

Xét ham sb f(x) = log, (w - 5) + log, (x - 3) lién tyc trén khoang (5; +oo) va co

< log, (:U —5)+ log, (m —3) =

) o T g

>0,V >5= f(m) luén dong bién trén khoang (5; +oo).
Xét ham sb g(m) =2 +§
—
-5
! =
oe) (v3)

Mit khic g(8) = f(8) = 2, do d6 phuong trinh cho c6 nghiém duy nhét = = 8.

3 sy -3
3. log, \/;JFE + 2 1 =9

biéukién: 2> 0.

Pat t = Vot >0

lién tuc trén khoang (5; +oo) va co

<0,Vz>5H= g(a:) nghich bién trén khoang (5;+oo).

2, 3

Phuong trinh cho < log, (t+2j+2t+ 1-2=0,t20

Xét ham s6 : f(t) = log, (t + gj +2 "1 29 lién tuc trén nua khoang [O;—i—oo) .

2443 . .
1 + (2t + 1)2t T2 > 0,vt>0= f(t) luén dong bien trén nmira khoang

Tacé:f'(t):
(t+3j.ln2
2
[0, +oo) va f (%} = (0 = ¢ = = 1a nghiém duy nhat cta phuong trinh f (t) =0
t=tosVo=tosa=1.
2 4
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1.{x+\/x2—2x+ =3""+1 (2.4 < R)
y+M:3“+1 ,
bitu=z-Lv=y-1

u+Vu? +1 =3

(I) viét lai { (1)

v+NvE +1 =3"
Xéthémsé:f(x)=x+\]a;2+l va g(x):?)xliéntuc VzeR,tacod

f'(:[):1+ T _ Nz +1+z ‘IE‘+$
Va2 +1 Va? +1 2% +1

g(z) = 3% ddng bién Vz e R.

>0,Vz e R = f(z)ddngbién Vz e R.

u+ u2+1=3”<:> f(u):g(v):> )t F(0) = ofw) 4 oo
e = s
Néuu>u:>f(u)>f(v):>g(v)>g(u):>v>uVc‘)ly.

Tuong tu néu v > u cling dan dén vo ly

uw+u? +1 =3¢ @{1—3“(\/u2+1—u) 1)

u="7

Dodéhé(H) @{ o

it g(u)=3"(Vu’ +1-u) liéntuc Vu e R,
Taco g'(u) = 3" In 3(Vu? +1—u)+3“(

<>(J—j[

Do d6 g(u) dong bién Vu e R va g(0)=1= u =0 la nghiém duy nhit cta (1).

” _q
Vu? +1

J>O,VUGR

w +1

Nén () u=v=0.Viy () o z=y=1

, {<1+421‘y)5121‘+y _ 1+22x—y+1 (1)

v 44z +1+In(y° +22)=0 (2

t t
Dit ¢ = 2z — y . Khi d6 phuong trinh (1) tr thanh: {(éj + (gj } =1+2.2 (*)



Nguyén Phii Khanh -Nguyén Tét Thu

Xét f(t) = {(éjt + (%jt],g(t) =1+22

t t
D& théy : f(t) =5 Héj + (gj ] la ham nghich bién va g(t) =1+2.2" 12 ham déng bién
va f(l) = g(l) =5 = ¢ = 11a m{t nghi€m cua (*)
Ta can chimg minh ¢ = 1 1a nghiém duy nhat ctia phuong trinh f (t) =g (t)
That vay :
o t>1=> f(t) < g(t) = ¢ > 1 khong 1a nghi¢m phuong trinh (*)

e t<l=> f(t) > g(t) = t <1 khong 1a nghi¢m phuong trinh (*)
Vay (*) oo nghigm duy nhét ¢ = 1.
t=1le2-y=1c2r=y+1 khi d6:(2) &y’ +2y+3+In(y” +y+1) = 0(**)

Xéthamsd f(y) =y’ +2y+3+1In(y’ +y +1).

2
Taco: f'(y) =3y +2+ 2y+1 =3y2+—2y +4y+3>

y2+y+1 y2+y+1

0

— f(y)1a him ddng bién va f(~1) = 0 nén (* *) ¢6 nghiém duy nhat y = —1

x=0
Vay nghiém cua h¢ la: X
y=-

t

5P (1) =co(1) = s

lién tuc trén khoang (1, +oo) ,tacod

f'(t) =e >0,Vt>1= f(t) dong bién trén khoang (1, +oo)

g/(t) = (tz_i D <0 Vt>1= g(t)nghich bién trén khoang (1, +oo).
¢ = 2009 - — f(z)+9(y) = 2009
H¢ phuong trinh y -1 (1) S { g\ B
¢’ = 2009 — f /() + 9(w) = 2009
-1

= J(z)+a(v) = F(v)+ ()

Néu:B>y:>f(:n)>f(y):>g(y)<g(:n):>y>:p vo Iy.

Tuong tw y > x cling vo ly .
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o 61::2009_\/3*_1 ¢ +————2009 = 0
igs | LT (e T
1
x

Xét ham sb: h(z) =e" + —2009 lién tyc trén khoang (1; +oo) ,taco

Jor 1y

Vay h(x)lién tuc va c6 d thi 1a duong cong 16m trén (1; +oo) .

Nzt -1

h'(w) =e" SN S - ,h”(az) =e" +g
V(=" 1)

va lim h(m) = 400, lim h(m) = 400

z—1" T—>+00

2¢>0

Do d6 dé ching minh (2) ¢6 2 nghiém 16n hon 1 ta chi can ching minh ton tai z,>1ma h (xo) <0.

Chon z, =2:h(2)=¢’ 2 2009<0= h(z) =0 c6 ding hai nghi¢m z > 1

V3
Vay h¢ phuong trinh (1) c¢6 dung 2 nghiém théa man diéu kién z > 1,y > 1.
6. bicukién: z > -1,y > -1.
Phuong trinh (1) S h(l+z)-z=In(l+y)-y (3)

Xét ham sb f(t) =In(l+¢)—t lién tuc trén khoang (—1; +oo).

Tacs: f(t) =——,Vt e (~L+oo) va f1(t) =0 = =0
1+1¢

o f'(t)>0,Vte (—1;0) = f(t) lién tuc va dong bién trén khoang (—1;0)
o f'(t)<0,Vte (O;+oo) = f(t) lién tuc va nghich bién trén khoang (0; +oo).
Khi d6 phuong trinh (3) N f(ac) = f(y) or=y
e Véi z = y phuong trinh (2)@%2 ~brr+2'=0r=0=>y=0
Vay hé phuong trinh cho ¢6 nghiém (m; y) = (0; 0).
7.
2’ +37-3+In(z’ —z+1) =y
1.9y +3y-3+In(y’ —y+1) =2

2 +32-3+In(z" —z+1) =2z

flz)=y
H¢ phuong trinh c6 dang : S f(y) = 2 .
flz) ==

Ta gia str (x; y;z) 14 nghiém cua hé. Xét hamsé f(t)=t* +3t -3+ In(> —t+1),t e R,
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Taco: f'(t) =3t +3+L >0,VieR = f(t) 14 ham dong bién Vi e R.

Wt —t+1
Gia sir: = max{x;y;z} thiy=f(x)>fly)=2=>2=fy)=>f(z)==z
Vay z =y = z. Viphuong trinh z° +2z -3 +In(2* —2+1) =0
Xét ham sb g(m) =2 +22-3+In(z’ -z +1),z € R , ham sd g(w) ddng bién tréen R va g(l) =0,do
do phuong trinh g(x) = 0 c6 nghiém duy nhat z =1.
Do d6 hé dachoconghiémla x =y=2=1.

V'’ 2:1:+610g

2. VY —2y+610g
V2 —22+610g

10g6 )

H¢ cho < log

0 g<t>=%
t* —2t+6

<0,t € (—0;6) = f (t) nghich bién trén

Xéthamsd  f(t) = log, (6 — ,t € (—o0;6)

1

Ta co f'(t) = —m

khoang (—o0;6) va g'(t) = 6-¢ >0, Vite(-06)= g(t) dong bién trén khoang (—o0;6).

3
(t2 -2t +6)

Ta gid str (:B; Y, z) la nghiém cia hé thi £ = y = 2 thay vao h¢ ta co:

X

Nz' -2z +6

Vaynghiémcuahé dichola z =y =2 = 3.

log, (6 — ) = S r=3

Bai doc thém : HE HOAN VI VONG QUANH
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DPinh nghia: La hé c6 dang:

Pinh li 1: Néu f, ¢1a cdc ham clng tang hodc cing giam trén A va (z,,2,,..., )langhiém cta h¢ trén A

thiz =2, =...=2

n

Pinh li 2:Néu f, g khac tinh don diéu trén A va (z,,2,,-.,2 ) la nghiém cua h¢ trén A thi

1 , . $1:$3:”':"E_1 1 o

r =2 . =..=x néun léva "“néu n chan.

1 2 n — — —
T, =T, =.=2

Vidu 1: Giai h¢ phuong trinh :
sinz —siny = 3z — 3y (1)
1dz+y= % (2)
z,y >0 (3)

5 log,(1+ 3cosz) = log (siny) +2
' log,(1+ 3siny) = log_(cosz) +2

Giai :
sinz —siny = 3z — 3y (1)
1. x+y=% (2)
2,y >0 (3)

Tu (2),(3) =1,y € (0;%}

(1) & sinx — 3z =siny — 3y (*)

Xéthams6 f(t)=sint—3t,t [o;%j taco f'(t)=cost-3<0te [o;%j = f(t) 1a ham nghich bién
trén khoang ¢ e (O;%) nén (*) S f(ac) = f(y) Sr=y

V61 x = y thay vao (2)ta timduoc z =y =

B

1010
5 log,(1+ 3cosz) = log (siny) +2
log,(1+ 3siny) = log_(cosz) +2

Vay (:Jc; y) = (1 ij la nghiém cua hé.
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. {COS%‘ >0
biéu kién :
siny >0
log, (1+ 3u) = log, (v) +2(1)
bat u = cosz;v = siny, ta cd hé: ? ’
log, (1+ 3v) = log_(u)+2 (2)

trir vé theo vé ta duge
log (1+ 3u)+log, u =log (1+3v) +log v < f(u) = f(v) (*)

Xét ham s f(t) = log,(1+ 3t) +log, t, d& thAy f(t)1a ham dong bién nén (*) < u = v.

Thay vao (1) ta duoc : log (1+3u)—log, u=2 < 1+3u =9c>u=l
3 3 U 6
. y=a+k2r
siny = — 1
Vay hé da cho < (i<:> y=7m—a+k2r, trong d6 Sina=cosﬂ=g.
COS"EZE r=xf+m2x

T |

Vidu 2: Giai hé phuong trinh : v +1

3log,(z +2y +6) =2log,(z+y+2)+1

Gidi :
2_ 2 2
6y —T :I +1
Y’ +1
3log, (v +2y +6) = 2log,(z +y +2) +1
S z+2y+6>0
biéu kién :
r+y+2>0
. , 2 2zt +1 41
Liy In 2 vé cta phuong trinh: ¢/ % =2 2 ta duoe v -2’ =In= - =ln(x2+1)—ln(y2+1)
Y’ +1 Y’ +1

o o +1+ln(x2 +1) = +1+1n(y2 +1)(*)

Phuong trinh (*) c6 dang f(:er ; 1) _ f(y2 N 1)(* )

Xéthams6 : f(t)=Int+1 lién tuc trén nira khodng | 1;+e0) , ta c6
()= 1 +1>0,Vt>1=> f(t) dong bién trén nira khoang | 1;+o0).

Dodé(**)©x2+1=y2+1c>:n=iy.

® Véi z = —y thay vao phuong trinh 3log,(z +2y + 6) = 2log, (v + y +2) + 1 , ta dugc
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z <6
10g3(6—x):1<:>{6 3<:>x=3:>y:—3 thoa man bai toan .
- =
® V6i r =y thay vao phuong trinh 3log, (2 + 2y + 6) = 2log, (v + y +2) + 1 , ta dugc
3log,(z +2) =2log, (v +1),2 > -1 .
T+2=3"

bat 3log.(z +2) =2log.(z +1) = 6u = )
< gg( ) gQ( ) {x +1 — 2371,

N TS TN I I -
9 9

u U
Xét ham s6 g (u) = (;j + (Sj 1a ham s6 ddng bién trén R va g (1) =1 nén v = 1 14 nghiém duy nhat
q ‘ 1 U 8 U
cta phuong trinh 5] + [gj =1.

Voiu=1= (w,y) = (7;7) thod man h¢ phuong trinh .

t +y’ =29 1)
log, z.log, y =1 (2)

Vi du 3: Hay x4c dinh tit ca cac nghiém ctia hé phuong trinh (an (m; y)) sau: {

. Hoc sinh gi6i Qudc Gia nim 2008 .

{:ﬁ +yi=20 (1)

log, r.log,y =1 (2)

D@ thay, néu (m; y)lé cic nghiém cua hé cho thi z > 1,y > 1 (3)

1

Dit log, v = 1,t > 0 (do(3)). Kido, = = 3' va tir phuong trinh (2) oy =2".

1
Khi d6 phuong trinh (1) <9 +8 =29 (4) .
S6 nghiém cta hé bang sd nghiém dwong cua phuwong trinh (4)

1
r 1_ ;
Xét ham so f(t) =9 +8! ” lién tuc trén khodng (0; +oo) . Taco f'(t) =9.In9 - 8 .12n8'
t

1
Trén khoang (0; +oo) ,y=8.In8 va y = l? 14 cac ham nghich bién va chi nhan gié tri duong.
t

1
t M r r b r
Do do trén khoang (0; +oo), Y= 8 .t12n 8 la ham dong bién. Suy ra, f '(t) la ham s6 dong bién trén khoang

(0;+oo).

. 1 .
Vi f'(gj.f'(l) = 18(In9 ~ In2**)(In27 —In 16) < 0 nén 3¢, € (0; 1)sao cho f'(t,) =0.
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Do d6, ta co bang bién thién ctia ham sé f (t) trén khoang (O; +oo) .

Tir bang bién thién ta thdy phuong trinh (4) c6 dung hai nghiém duong. Vi vy, hé phuong trinh cho ¢6 tat

ca hai nghi¢m.

Dang 6 : Dung don diéu ham so dé giai va bién luan phwong trinh
va bat phwong trinh chira tham so.

Cho ham sb f(a;;m) = 0 xé4c dinh véimoi z € | (*)
e Bién d6i (*) vé dang f(x) = f(m)
e Xéthamsd y = f(a:) lién tuc trén [

e Dung tinh chat don di¢u cua ham so6 va két luan.

Vidu 1:
Tim tham s6 thuc m dé phuong trinh = +v3z® +1 = m c6 nghiém thyc .

Gidi :
Xéthamsd f(z)=z+V32" +1 vay=m
Ham s6 f(x) =2 ++32” +1 liéntuc trén R

3z _\/3x2+1+3x
\V3z® +1 B N3zt +1
z<0
3z° +1 =92

Tacé:f'(a;):1+

fl(z)=0e 3:1;2+1=—3x<:>{

o +1 o o r= ;

T=—fF=—— 6

Jo 6
J6

Bang bién thién : suyra f (x) > ry ma f (x) =mdodoé m > ?6thi phuong trinh cho c6 nghiém thuc .

v f’f( f] s

Vidu 2 : Tim tham s6 thuc m dé phuong trinh :

Yo +1 -z = m(l) c6 nghiém thuc .
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Giai :
Xét ham s f(x) =Nz +1- \/; lién tuc trén ntra khoang [0; +oo) .

1 T

aco: f'lz)=—=
' ( ) (x +1)3 \/_

Vi al <z :L - r <0 nén f' ( )<O,‘v’x >0= f(x) nghich bién trén nira

ey Ve ey T

khoang [O;+oo) va lim f(z)=0 ,nén 0 < f(z) <L Vz e [0;+oo).

T—>+ 0

Vay, phuong trinh (1) c6 nghiém thuc trén nira khoang [O; +oo) S 0<m<l .

Vi du 3: Tim tham s6 thyc m dé phuong trinh :

(4m —3)\/:10 +3 +(3m —4)\/1—x +m-—-1= O,(Q) c6 nghiém thyc.

Giai :
Piéu kién: -3 <z <1.
Phuong trinh (2) < m = 3Vr+3+41-3 +1
AWr+3+3V1-z+1
Nhan thy rang:
2 2
(\/x+3) (Jl m) _ Q{\/x;i’)J +(\/12_IJ »

Nén ton tai goc ¢ € {O;%}t = tan%;t € [0;1] sao cho:

t

T+ 3 1l-2 =

3\/x+3+4\/l—x+1 T 4126+ 9
- om- L @,(3)
WNr+3+3V1-z+1 ~5¢* + 16t + 7

2
Xét ham so: f(t) = w lién tuc trén doan ¢ € [O; 1] . Tacod
—ot” +16t + 7

p— 2 —_— —_ r
£1(t) = p2t" — 8t — 60 <0,Vte [O 1} = f( )nghich bien trén doan [0;1] va f(0) = g;f(l) =

(—5t2 + 16t + 7)

© |
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Suy ra phuong trinh (2) c6 nghiém khi phuong trinh (3) c6 nghiém trén doan ¢ e [O; 1] khi va chi khi:

9

ZSmS—.
9 7

Vi du 4: Tim tham s6 thyc m dé bat phuong trinh
V' =2z + 24 < 2° — 22 + m c6 nghiém thyc trong doan [—4;6] .

Giai :

Pt t =2’ -2z +24, Vze|-46]=te[0;5]

Bai toan tré thanh tim tham sb thuc m dé bat phuong trinh > + ¢ — 24 < m c6 nghiém thyc t € [0;5]
Xét ham sd f(t) =t +t —24 lién tuc trén doan [0;5] .

Taco:f'(t)=2t+1>0,Vte [0;5} = f(t) lién tuc va ddng bién trén doan [0;5]

Vay bit phuong trinh choc 6 nghiém thyc trén doan [0; 5] khi

max f(t)<m & fB)<m<6<mem=6

te[0;5]

| Dang 7 : Dung don diéu ham s6 dé chirng minh hé thirc lwgng giac

Vi du : Chirng minh ring : néu tam gidc ABC thoa mén hé thirc

cos A+ cos B+ cosC + L _1B thi tam giac ABC déu.

cos A + cos B + cosC

Giai :
3

bat: ¢t =cosA+cosB+cosC = 1+4sin§sin§sing =>1<t SE.

Xét ham sb f(t) =t+ % ham sd lién tuc trén nira khoang (O;g} .

Taco: f'(t) =1 —%2 >0,Vte (O;%} = f(t)déng bién trén nira khoang (O;g} .
Bang bién thién:
t 0

re ] -

£(t)

N | o
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Dura vio bang bién thién suyra : 2 < f(t) < 13 .

Ding thic f(t) = % xay rakhi ¢t = cos A+ cos B+ cosC = % hay tam giac ABC' déu.
Bai 2: CUC TRI HAM SO

Tk

& T
.z ¥ : o
oy tign oy dad i
[

2.1 TOM TAT LY THUYET

1. Khai niém cwe tri ham sb :
Gid sir ham s f xéc dinh trén tap hop D(D < R) va z, € D

a) z,dugc goila mot diém cwe dai cia ham sé f néu ton tai mot khoang (a b) chira diém z,sao cho:
( b) Khi do f( )duoc 0i 1a gia tri cwe dai ciia ham sé f
f@) < f(z)) Vo< (@) fo,} R ER AT |
b) z,dugc goi la mot diém cue tiéu cua ham s f néu ton tai mot khoang (a; b) chtra diém a0 cho:

a;b)c D X .
.Khido6 f|z,)duoc goi la gia tri cwe tiéu cia ham so f .
{f(x)<f(x0) Vme(a;b)\{xo} ( 0)

Gia tri cuc dai va gia tri cuc ti€u dugc goi chung la cwe tri
Néu z,1a mot di€ém cuc tri cia ham s6 f thi ngudi ta noi rang ham s6 f dat cuec tri tai diém z .

Nhw vy : Diém cuc trj phai 1a mot diém trong cta tap hop D (D c ]R)

Nhén manh : T, € (a;b) < D nghia la z, la mot diém trong cta D :

Vidu: Xéthamsé f(z) = \/; xac dinh trén [0; +oo) Taco f(z) > f(O)Véi moi £ > Onhung =0
khong phai 1a diém cuc tiéu vi tap hop [0; +OO) khong chira bat ki mot 1an can nao cta diém 0.

Chit y :

e Gi trj cyc dai ( cuc tiéu) f(z,) néi chung khong phai 1a GTLN (GTNN) cua f trén tap hop D.

e Ham s6 co6 thé dat cuc dai hoac cuc ti€u tai nhi€u diém trén tap hop D . Ham s6 cling c6 thé khong co
diém cuc tri.
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e 2, 1a mdt diém cyc tri ctia ham s6 f thi diém (:co. f(xo))duqc g0i 13 diém cwe tri ciia 46 thi ham sb f .

2. Piéu Kién cin dé ham s dat cure tri:

Dinh Iy I: Gia st ham s6 f dat cyc tri tai diém z,. Khido, néu fc6 dao ham tai diém z, thi f '(xo) =0
Chuy:

e Dao ham f'cé thé bang 0 tai diém z, nhung ham s6 f khong dat cuc tri tai diém T, .

e Hamsd cé thé dat cuc tri tai mot diém ma tai d6 ham sb khong c6 dao ham .

e Hamso chi ¢ thé dat cuc tri tai mot dieém ma tai d6 dao ham cia ham s6 bang 0, hodc tai d6 ham so
khong c6 dao ham .

e Ham sd dat cuc tri tai T, va néu dd thi ham sb co tiép tuyén tai diém (:Eo- f (xo)) thi tiép tuyén do song

song voi truc hoanh.
Vidy:Hamsd y = ‘x‘ vaihamsb y = 7’

3. Piéu kién da dé ham sb dat cuec tri:

Dinh Iy 2: Gia sir ham s6 f lién tyc trén khoang (a; b) chira diém z,va c6 dao ham trén cac khoang (a; 9[;0)
va (xo;b) . Khidé :

f'(xo) <0,z € (a;xo)
f'(xo) >0,z € (mo;b)

tir &m sang duong khi x qua diém zthi ham s6 dat cyc ti€u tai diém z,.

a) Néu thi ham s6 dat cuc ti€u tai diem z,. N6i mot cach khac , néu f' (x) doi dau

z a z, b

f'(m) - +
7(z) () 1(v)
S ()

f'(xo) >0,z € (a;xo)
f'(mo) <0,z e (mo;b)

duong sang am khi x qua diém , thi ham s6 dat cuc dai tai diém .

b) Néu thi ham s6 dat cuc dai tai diém z,. N6i mot céch khéc , néu f'()ddi déu ti

z a T b

I :

/(2) /(#,
" \f@)

Dinh Iy 3: Gia st ham s6 f c6 dao ham cip mot trén khoang (a; b) chira diém T, f '(mo) =0va fcodao

ham cap hai khac 0 tai diém z, .
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a) Néu f"(z,) < Othihams6 f dat cyc dai tai diém z,.
b) Néu f"(z,)>Othihimsd f dat cyc tiéu tai diém z,.
Chu y:
Khong can xét ham s§ f c6 hay khong c6 dao ham tai diém z = z, nhung khong thé bo qua diéu kién " ham
s6 lién tuc tai diém z,"
-2 khi <0

Vidu: Hamsd f(x) =
s amsof() T khi x>0

khong dat cuc tritai x = 0. Vi ham $6 khong lién tuc tai

2.1 DANG TOAN THUONG GAP.

| Dang 1 : Tim cic diém cwe tri ciia ham sb . |

Quy tic 1: Ap dung dinh 1y 2

e Tim f '(x)

e Tim cac diém T, (z =12, 3) tai 46 dao ham bang 0 hodc ham s lién tuc nhung khong c6 dao ham.
e Xétdducua f'(z). Néu f'(:z;)déi ddu khi 2 qua diém =, thi ham sb ¢6 cuc tri tai diém z, .

Quy tac 2: Ap dung dinh 1y 3

e Tim f'(:z:)

¢ Tim cac nghi€ém z, (z = 1,2,3...) ctua phuong trinh f'(x) =0.

e Voimdi x, tinh £"(z,).

— Néu f"(z,) < 0 thi ham s6 dat cuc dai tai diém ;.

— Néu f"(z,)> 0 thi ham s6 dat cyc tiéu tai diém .

Vidu 1 : Tim cuc trj ciia cdc ham b :
1 5
l.y=flz)==2-2" -3z +—=
y f() 3 3

2.y:f(x):x3+3x2+3x+5

Giai :
1 5
1. flz)==2"-2>-32z+=
fle)=3 3
Ham so da cho xac dinh va lién tuc trén R.
Ta co f'($)=x2—2x—3
f'(x)=0<:>x:—1,x=3

Cach 1.
Bang bién thién
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T —00 -1 3 +00
f'(x) + 0 - 0 +
10
x — +00
22
_w —
3
N . e . v 4.2 10 N e 3 v 42 22
Vay ham s6 dat cuc dai tai di€ém z = —1, f(—l) = 3 ham so dat cuc ticu tai diem z = 3,f(3) = 3
Cach2:
f”(a;) =2xr —2
. A ek ek 10
Vi f”(—l) = —4 < Onén ham so0 dat cuc dai tai diem z = —1,f(—1) = 3
. N 2 a2 22
Vi f”(3) =4 > 0 ham so dat cuc ti€u tai diém x = 3,f(3) = _E'

2. y:f(x):x3 +32° +32+5

Ham sb da cho xac dinh va lién tyc trén R .

Tacé: y'= 32" + 62+ 3 = 3(z +1)° >0 Vo = Ham sb khong cé cuc tri.

Chii y: L ,

* Neu y' khong doi dau thi ham so khong cé cuc tri.

* Poi voi ham bac ba thi y' = 0 ¢6 hai nghiém phan biét 1a diéu can va du dé ham c6 cuc tri.

Vidu 2 : Tim cuc trj ciia cdc ham 6 :
1. y:f(:z:):—x4 +62° =8z +1

2. y=f(x)=—:n4+2:z:2+1

Giai :
1.y :f(:z:):—x4 +62° =8z +1
Ham sb di cho x4c dinh va lién tuc trén R.
Tacod:y' = -4z’ +122 -8 = —4(x — 1)*(z + 2)
) r=1

y'=0 A4z-1)(z+2)=0<

T =2
Bang bién thién
T —00 -2 1 +00
y' + 0 + 0 -

) _00 ' 25\ .

Ham dat cuc dai tai 2 = —2 véi gia tri cuc dai cia ham s6 14 y(—2) = 25, ham s khong c6 cuc tiéu.
2. y=f(:n)=—x4 +22° +1

Ham so da cho xac dinh va lién tuc trén R.

Tacod:y'= -4z’ + 4z = —dx(z” - 1)
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20 Azt -1 =0 |0
= —Ax(x® — =
Y r =1
Bang bién thién
T | —© -1 0 1 +00

-0

+ 0 + 0
2 2
—0 1 —o0
Ham sb dat cuc dai tai cac diém z = +1 voi gia tri cyc dai cua ham s6 1a y(+1) = 2 va ham s6 dat cuc tiéu tai
diém 2 = 0 v6i gia tri cuc tiéu ciia ham s6 1a y(0) = 1.
Chii y: ) ) .
* O bai 1 ta thay dao ham triét tiéu tai = 0 nhung qua di€ém nay y' khong d6i dau nén d6 khong phai 1a
diém cuc tri. ) i
*’Déi v&1 ham bac bon vi dao ham la da thirc bac ba nén ham chi c¢6 thé c6 mot cuc tri hoac ba cuc tri. Ha‘}m
$0 c6 mot cuc tri khi phuong trinh y'= 0 c6 mdt hodc hai nghi¢m (1 nghiém don, 1 nghi¢m kép), ham so6 cé
ba cuc tri khi phuong trinh y' = 0 c6 ba nghiém phan biét.

Vidu 3 : Tim cuc tri cia cac ham so :
1. yzf(x)z‘x
2. y:f(:n) ‘l‘ £E+2)

3. y:f(:n) \/;‘(:L“—?))

Giai :

1. y= f(:z:) = ‘:E

Ham s d3 cho x4c dinh va lién tuc trén R .
x khi x>0

y:{—x khi 2 <0

Taco y="=

1 khi >0
-1 khi <0

Bang bién thién
T | —© 0 400

v |

Yy +00 w+oo
\ 0

Ham s dat diém cuc dai tai diém z = 0, f (0) =0

zlz+2) khi >0
2. y—f(x)—‘x‘(x+2)—{£($+)2) khi x <0

Ham so da cho xac dinh va lién tuc trén R.
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Ta o6 o' 20+2>0 kht x>0
aco y'=
YT 20 -2 khi 2 <0
y'=0=z=-1
Ham s lién tuc tai z = 0, khong c6 dao hamtai z = 0.

Bang bién thién

x —00 -1 0 +00
y' + 0 - +

y

/ 1 \ /+OO
—00 0
Vay ham s6 dat cuc dai tai diém x = -1 f (—1) =1, ham sb dat cuc tiéu tai
diém z :O,f(()) =0
3.y =1f(e) = (+-3)
Ham sb da cho xéac dinh va lién tuc trén R .

\/;(:1:—3) khi z >0

y=rfz)=y — :
() —x(x—?)) khi © <0
3(:5—1)
khi x>0
Tacod y' = 2z
3= o0 khiz<0
2\ —x
y'=0z=1
Bang bién thién
T —00 0 1 +00
y' + - 0 +
Y

) / 0 \_2 /+oo

Ham sb dat diém cuc dai tai diém z = 0,f (0) =0, ham sb dat diém cuc tiéu

tai diém z = 1,f(1) =-2

Vidu 4 : Tim cuc tri cia cac ham so :

1. y:f(x)zx\/4—x2
2. y=f(x)=2x— 72 -3

3.y =f(x) =v-2> + 327
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Gidi :
1. yzf(a:) = V4 - 2°

Ham sb da cho xac dinh va lién tuc trén doan [—2;2]

Taco y'= -2 ,x € (—2;2)

V4 - 2?
y'=0<:>x=—\/5,x=\/5

y' d6i dau tir am sang duong khi z qua diém —/2 thi ham sé dat cuc tiéu tai diém = = —\/5 , f (—

y' d6i dau tir dwong sang 4m khi z qua diém \/5 thi ham s dat cuc dai tai diém z = \/5, f (\/5 ) =

Hoic dung bang bién thién ham sé dé két lun:

z 2 " 2 P

y' - 0 + 0 -

BN

2. yzf(a:):2a:— z? -3

Ham s6 di cho x4c dinh va lién tuc trén nira khoang (—oo; —\/g] U [\/g ;400) .
2 — —

Taco: y'=2- il :2 r -3 z,xe(—oo;—\/g)u(\/gﬁoo).

2 =3 z2 -3

xe(—w;—\/g)u(\/g;ﬂo) O£x<\/§

= ST =2
Nz* -3 =2 4(z*-3)=2"

y'=0<

v ham s6 khong c6 dao ham taiz = +/3 .
Bang bién thién:

z —00 +00
y !
Ham sb dat cuc tiéu tai dlem r =2, y(2)=3, ham s6 khong co cuc dai.

3. y:f(a:):\]—x + 32

Ham s6 d4 cho xé4c dinh va lién tuc trén nira khoang (—oo; 3].
-3(z° - 22)

2V—z* + 32° ’

y'=0 < = =2 va ham sd khong c6 dao ham taiz = 0;z = 3.

Taco:y'= r<3,x+#0
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Bang bién thién:

x | =0 0 2 3

y' I+ 0 —
2

y TN

Ham s6 dat cyc dai tai diém = = 2, y(2) = 2 va dat cuc tiéu tai diém 2 = 0, y(0) = 0.

Chu y:

* (5 bai 2 vi du 4 mic dit z = ++/3 14 diém ma tai do ham s khong c6 dao him tuy nhién ham sb lai khong
xac dinh trén bt ki khoang (a;b) nao clia hai diém nay nén hai diém nay khong phai la diém cuc tri cia ham
s9.

* Tuong ty vAy thi = 3 clia ham sd & cdu 3 ciing khong phai 1a diém cyc tri nhung = = 0 lai 1a diém cuc
tri ciia ham s6.

Vidu 5 : Tim cuc tri ctia cdc ham sb sau
1. y= f(a:) =2sin2z -3

2.y =f(x)=3—2cosx—cos2a:

Giai :
1. y= f(x) =2sin2z -3

Ham so da cho xac dinh va lién tuc trén R.
Tacod y'=4cos2x

y':0<:>0082x:0<:>x:%+k%,kez

y"=-8sin2zx

8 khi k=2n
NZ 4k Z | = —8sin| Z+ kx| =
y(4+ 2} Sm(2+ TIT18 b k=2n+1

A \ J4 Y ‘R T T \ ..
Vay ham so dat cuc dai tai cac diém z = Z +nm;y (Z + nﬂj = —1 va dat cuc dai tai

T :%+(2n +1)%;y[%+(2n +1)%j =-5

2. y=f(:c)=3—2czosz—cos2x
Ham sd da cho xac dinh va lién tuc trén R .
Tacd y'=2sinz +25in2z = 2sinz (1 +2cos z)

sinz =0 r=krx

y'=0< 1 o0r &

kel.
COST = —— = COS— T = i2—7z+k27r
2 3 3

y" =2cosz + 4cos2z
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. L 2
y“{i%+ /{:27[} = 60082?” = -3 < 0. Ham so0 dat cuc daitai x = i?ﬁ+ k27, y{i%[+ k27zj = 4%

y”(k:ﬂ) =2coskr+4>0,VkeZ. Ham sb dat cuc tiéu tai z = kr , y(kﬂ) :2(1—cosk7z)
Vidu6:

1+ zsin®z —1 0
Cho hamsé: f(z) = T » ¥ %Y Tinh dao ham cia
0 ,x=0

ham sd tai diém z = 0 va chung minh réng ham sb dat cyc tiéu tai z = 0.

Giai :
f'(o):hmwzhmgl+xsin2x_1

z—0 T z—0 x2

zsin’ z
F(o)=tim=
1+xsm x +m+1

f'(O)zlin&sinx.Smx, 1 _0

T—> 5

sm X

f(:z:) >0 = f(o).
w/ 1+xsm x +\/1+xsm Tz +1

Viham sd f(z)lién tuc trén R nén ham sé f(z)dat cuc tiéu tai = 0.

Mat khac x # 0, taco : f

BAI TAP TU LUYEN.

Tim cuc tri cta cac ham sb :
1.y =-2°+32"
2. y=2"—42° +1

Huéng dan :
1.y =-2°+32"

Tacé: y'=-32"+6r = y'=0< 2 =02 =2
y"=-6z+6=9"0)=6>0;y"2)=-6<0

Ham s6 dat cuc dai tai = =2 véi gia tri cuc dai cia ham s6 14 y(2) =
Ham sb dat cuc tiéu tai x = 0 vo1 gia tri cuc tiéu ctia ham sb 1a y(0) = O.

2. y=2"-42° +1
R 2 2 z
Taco:y' =42’ —82* =42*(z-2) = y'=0<
T

Bang bién thién
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x| —© 0 2 400
y' - 0 - 0 +

+00

+00
v | T ,
Ham so dat cuc ti€u tai = = 2 vdi gia tri cyc ti€u ciia ham s6 1a y(2) = —15, ham s6 khong c6 cuc dai.
| Dang 2 : Tim diéu kién dé ham sb ¢é cue tri. |

Phwong phdap: St dung dinh 1i 2 va dinh 1i 3
Chiui y:
* Ham sd f (x4c dinh trén D) ¢ cuc tri < Jz, € D thoa man hai diéu kién sau:

i) Tai dao ham ctia ham s6 tai z, phai triét ti€u hodc ham ) khong c6 dao ham tai z,

ii) f'(z) phai d6i dAu qua diém z, hodc f"(z,) # 0.
*Néu f "(z) 1a mot tam thirc bac hai hodc triét tiéu va cung dau v&i mot tam thire bac hai thi ham c6 cuc tri
< phuong trinh f'(z) c6 hai nghiém phan biét thugc TXD.

Vidul:Tim mdé y = mz® + 32° + 122 + 2 dat cyc dai tai diémz = 2.

Giai:
Ham so da cho xac dinh va lién tuc trén R

Tacé:y':Smx2+6x+12:>y"=6mx+6

\ £ cL s 402 y'<2)20
Ham so dat cuc dai tai diéem z = 2 <
y"(2)<0
12m+24=0 o
< m = —2 la gid tri can tim.
12m+6<0

Chii y : Ta c6 thé giai bai toan trén theo cach khac nhu sau
D¢ ham so dat cuc dai tai diém = =2thi y'(2) =0 < m = -2.

Véim=-2taco y'=3(-22% + 2z +4) tathiy ham sb dat cyc dai tai diém z = 2.

Vidu?2:
2
. . . 4 2 I + +1
1 . Xac dinh gié tri tham s6 m dé ham s6 y = f(a:) _rrmrT dat cuc
r+m
daitai x = 2.

2 . Xac dinh gia tri tham s6 m dé ham s
y:f(x)=x3+(m+3)x2+1—m dat cuc daitai «x = —1.

Giai:

1.
Ham sb da cho xac dinh va lién tuc trén D = R \ {—m}

2 2
, . " +2mr+m- -1
Ta c6 dao ham y' = T # —m

(s m)

Cach 1:
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. . =-3
Néuhélmsédatcucdaitaiz:Qthiy'(2):Oc>m2+4m+3=0<:> ]
m=—
2
m=-3 ,tacod y'=w,x¢3
(v-3)
'Z 0 T =2
=0
Y x=4
Béng bién thién :
x —00 2 3 4 +00
y' + 0 - - 0 +
Yy 1 +00 +00
_oo/ \(00 \ 5 /

Duya vao bang bién thién ta théy ham sb dat cuc daitai z =2 , do d6 m = —3 thoa mén .
Tuong tu v6i m = -1

Céch2 :
Ham s6 da cho xéc dinh trén D = R\ {-m|

_x2+2mx+m2—1

(e o)

Ta c6 dao ham f'(x) ,T # —m

2 m*+4dm+3 =0
o o , y'(2)=0 (2+m)
Ham so dat cuc daitai x = 2 khi = S am#E 2
y"(2)<0 2
—— <0 m < —2

{m:—lvm:—fi
S m=-3

m< -2
Vay m = —3 1a gid trj can tim.
2.
Ham so6 cho xac dinh va lién tuc trén R.
Tacd y' = 32" +2(m +3)z = z(3z +2m +6)
z=0
y'=0=|  om+6
3
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2m +6

T —0 — 0 +00
3
y' + 0 - 0 +
Hémsédatcucdaitai:U:—1<:>—2m+6=—1c>m:—%
, . L £ o +mz -2 .
Vidu3:Tim m € R dé hamso y = —— co cuc tri.
mx —1
Giai:

Ham s da cho xéac dinh va lién tyuc trén R \ {i}
m

*Neu m =0 ‘[hiyzx2 — 2 => ham s0 c6 mot cuc tri

£ \ £ 4. 1
* Neu m # 0 ham s0 xac dinh Vz # —

m
2 —_ r
Taco y'= mx—2x+m Ham s6 c6 cuc tri khi phwong trinh mz® — 22 + m = 0 c6 hai nghiém phan biét
(mx — 1)
1-m’>>0
khic — < 1 o -1<m<1.
m m—-——=0
m

Vay —1 < m <1 1a nhirng gié trj can tim.

Vidu 4 : Chung minh rang voi moi gid tri cia m € R, ham so

xQ—m(m+1)x+m3+1 . L
y = ludn co6 cuc dai va cuc ti€u .
T—m

Giai :

Ham sb da cho xac dinh va lién tuc trén D = R \ {m} .

2’ =2mz +m’ -1 _ g(w)

(eom) (eom)

Dau cia g(m) ciing 1a dau cta y' va A =m —(m2 —1):1 >0, Vm.

Taco y'= xim,g(w):xZ—me+m2—1

Do d6 Vm thi g(:z:) =0 luén c6 2 nghiém phan biét 2 =m —1,z, = m + 1 thudc tap xac dinh .

T —00 m—1 m m+1 +00
y' — - 0 +
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y' ddi dau tir duong sang am khi x qua diém z, = m — 1thi ham sb dat cuc dai tai diém r,=m-—1

y' d6i dau tir am sang duong khi x qua diém z, = m + 1thi ham sb dat cuc tiéu tai diém z,=m+1

Vidyu5:Chohamsd y = z* + 4ma® + 3(m +1)2® +1. Tim m e R dé:
1. Ham sb ¢6 ba cuc tri.
2.Ham s0 c6 cuc ti€u ma khong cé cuc dai.

) Giai :
Ham so da cho xac dinh va lién tuc trén R .
Taco y' =4z’ +12ma” + 6(m + 1)z = 22(22° + 6mz + 3(m + 1))
z=0

y'=0< 9
flz)=22"+6mz+3m+3=0
Nhdn xét:
*Néu y 6 hai nghiém phén biétz,z, # 0, khi d6 y's& doi dau khi di qua ba diém 0,z,, z, khi d6 ham c6

hai cuc tiéu va 1 cuc dai.

*Néu y c6 1 nghiém = = 0, khi d6 y' chi doi ddu tir — sang + khi di qua mot diém duy nhit nén ham chi
cd mdt cuc tidu.

* Néu y c6 nghiém kép hodc vo nghiém thi y' chi doi ddu tir - sang + khi di qua = = 0 nén ham dat cuyc tiéu
taiz=0.

Tir trén ta théy ham s ludn ¢6 it nhat mot cuc tri.

1. Ham sb c6 ba cuec tri khi va chi khi y c6 hai nghi€ém phan biét khac 0

{A'—3(3m22m2)>0 VT 1T

y(0)# 0 m # —1

2. Theo nhan xét trén ta thz?iy ham chi ¢6 cuc tiéu ma khong co6 cuc dai
17 <m<it J1
3 3

< ham s khong c6 ba cuc tr1 <
Chu y:

1) Béi v6i ham tring phuong y = az® +bz? + ¢ (a # 0)
z=0

Taco y'=4daz® + 20z = z(4az’® +b) = y' =0 = 9
dax” +b =0 (1)

b#0

* Ham c6 ba cuc tri < (1) ¢6 hai nghi¢m phan biét khac 0 < { b<0
a

Khi d6 ham c6 hai cuc tiéu, mot cuc dai khi @ > 0; ham c¢6 hai cuc dai, 1 cuc tiéu khi a < 0.
* Ham c6 mot cuc tri khi va chi khi (1) c6 nghi€ém kép hodc vé nghi¢ém hodc c¢6 1 nghi¢m
A<0 {ab >0

& . Khi d6 ham chi ¢6 cuc tiéu khi @ > 0 va chi ¢6 cuc dai khi a < 0.
y(0)=0 b=0

2) Dbi v6i ham sb bac bdn y = az? + ba® + ca® + d,

x:O<:>|:



Nguyén Phii Khanh -Nguyén Tét Thu

=0

daz® + 3bz +2¢ =0 (2)

* Ham sb c6 ba cuec tri khi va chi khi (2) ¢6 hai nghiém phan biét khac 0
- {91)2 —32ac >0

Ta co: y'—4am3+3bx2+20x:>y'—0<:>[

0 . Khi d6 ham ¢6 hai cuc tiéu, mot cuc dai khi @ > 0; ham ¢6 hai cuc dai, 1 cuc tiéu khi
C #

a<0.
* Ham c6 mot cuc tri khi va chi khi (2) ¢6 nghiém kép hodc vé nghiém hodc c6 1 nghi¢m

A<0 952 — 32ac < 0 )
x:O@{(O) 0@{ . %€ =" Khi dé ham chi c6 cyc tidu khi a > 0 va chi ¢6 cuc dai khi a < 0.
Yy = c =

Vidu6:Tim m dé hamsd y = -2z + 2+ mVz® — 42 + 5 ¢6 cuc dai.

Giai :
Ham so da cho xac dinh va lién tuc trén R .
T —2 . m

T Y .
Va* =4z +5 \/($2—4$+5)3

* Néu m =0 thi y=-2<0 VzreR nén ham $6 khong c6 cuc tri.

Tacoy'=-2+m

* m # 0 vidau cia y"chi phu thudc vao m nén dé ham c6 cuc dai thi trudc hét " < 0 < m < 0. Khi d6
ham sb ¢ cuc dai < Phuong trinh y' = 0 ¢6 nghiém (1).

Tacod: y'=0 < 2¢(z -2 +1 =m(z -2) (2).

bat ¢t = x — 2 thi (2) trd thanh :

£<0 t<0

= 1 = (1) c6 nghiém sm?P-4>0e m<-2 (Do
(m? -4 =1 |£* = (1) c6 ng (

m? — 4

m_2¥+1©{

m < 0).
Vay m < —2 thi ham s6 c6 cuc dai.

Vidu 7 : Tim cc hé sd a,b,¢,d sao cho ham sb f(x) =az> +b1° +cx +d

dat cuc tiéu tai diém z = 0, f(o) = 0 va dat cyc dai tai diém z = 1, f(1) =1.

Giai :
Ham so da cho xac dinh trén R.
Ta co f'(x) =3az” +2bz + ¢ f"(:z:) = 6ax + 2b

Ham s6 f(:n)dat cuc tiéu tai = 0 khi va chi khi
f'(0)=0 fe=0 _[e=0
{f"(0)>0©{2b>0®{b>0 (1):

, . , [ f(1)=0 3a+2b+c=0
Ham s6 f(:z:)dat cuc dai tai x = 1 khi va chi khi = (2)
f 6a +2b <0
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f(0)=0_[d=0 d=0
{f(l)_l:{a+b+c+d—1®{a+b+c—1 (3)

Tur (1),(2),(3)suyra a ==2,b=3,c=0,d = 0.
Ta kiém tra lai f(z)=—22° + 32

Taco f'(z)=—62> +6z , f"(x)=-120+6
£"(0) =6 > 0. Ham s6 dat cuc tiéu tai & = 0

f"(1)=—6 < 0. Ham sb dat cuc daitai z = 1
Vay:a=-2b=3,c=0,d =0.

BAI TAP TU LUYEN

1. Tim m dé hamso y = #° — 3(m + 1)z° + z + 1 ¢6 cuc dai cuc ticu.
2. Tim m dé hamso y = (m +2)x3 + 32 + mz +m co cuc dai, cuc ticu .

mzt+x+m

3. Tim m d€ hamso y = khong ¢o6 cuc dai, cuc tiéu .

r+m
4. Tim m dé hamsd y = ma® + 3ma” — (m — 1)z — 1 khong c6 cuc tri.
5. Xac dinh c4c gia tri cua tham sd k dé dd thi cua ham sb y = f(:nk) = kz' +(k—1)2” +1 -2k chi c6 mot
diém cuec tri.

. 9 N . . X 1 3 ’ <R \ A J4 :
6. Xac dinh m dé do thi cia ham s y = f(x, m) =y = §m4 —ma’ + 5 ¢6 cuc ti€u ma khong co cuc dai.

:B2+m:n+1

7. Tim m dé ham sb Y = dat cuc tiéu tai z = 1.

T+m
8.

a. Tim cac hé sb a,b,c sao cho ham sd f(x) =2 + az’ + bz + cdat cuc tri bang 0 tai diém z = —2 va dd
thi cua ham sd di qua diém A(l; o) :

2

. .k .z ar” +bx + ab e a2 .

b. Tim cac hé sO0 a,b sao cho ham so f(x):—bdatcuctmtaldlem:B:OVa$=4.
ax +

Huéng dan :

1.Tacod y' =32 —6(m + 1)z +1
Ham s6 c6 cuc dai, cuc tieu 32> —6(m + 1)z + 1 = 0 ¢6 hai nghiém phan

—3-3 —3++3
YU ( ;400) .

bitt<> A'=3m’ +6m +2 >0 < m e (—w; 3 ;

2.Tacé y':3(m+2)m2+6m+m
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Ham s6 ¢6 cyc dai va cyc tiéu khi phuong trinh ' = 0 ¢6 hai nghiém phan biét hay

m+2#0 m # —2 m # —2
= = ) =

A'=9-3m(m+2)>0 3(—m —2m+3)>0 3<m<1
Vaygiatri m cantimla -3 <m <1m # 2.

2 2
mx” +2m°x

3. Taco dao ham y' = >

(:1; + m)
Ham s6 khong ¢6 cuc dai , cuc tiéu khi y' = 0 khong ddi ddu qua nghiém , khi d6 phwong trinh
g(x) =ma’ +2m’y = 0,(w # —m) vo nghi¢m hodc c6 nghiém kép
e Xétm=0=y'=0,Vz#-m=m=0 thoa.
e Xétm=0.Khido A'=m"
ViA'=m'>0,Vm=0= g(w) = 0 c6 hai nghiém phan biét nén khong c6 gia tri tham sé m dé
g(x) =ma’ +2m’y = 0,(w # —m) vo nghi¢m hodc c6 nghiém kép

Vay m = 0 thoa man yéu cau bai toan .
4.

Tacd: y'=3ma® +6mz —m+1 (*)
*m =0 khid6 (*)tro thanh y'=1>0 Vo € R suy ra ham khong c6 cyc tri

* m # 0 khi d6 d& ham khong c6 cuc tri thi y' = 0 ¢ nghiém kép hoic v nghiém

<:>A':3m(4m—1)é()c>0<mél.

Vay 0 <m < i thi ham s khong c¢o cuc tri.
5.Taco y'=4ka® —2(k —1)x

= 0 z=0
=0<
Y ket +k-1=0 (¥)
Ham s6 chi c6 mot cyc tri khi phuong trinh y' = 0 ¢6 mdt nghiém duy nhét va y' d6i dau khi 2 di qua

nghiém d6 .Khi d6 phuong trinh 2kz* + k-1 =0 (*) v6 nghiém hay c6 nghiém kép z = 0

k=0
k=0 {kso

| 1k#0 = o
E<Ovk>1 |k>1
A':—2k:(k—1)§0

Vay k<0vk>1 1a gid trj can tim .
6. Taco y' =22 —2mz
) =0 {x =0
' =m (*)
Ham s6 ¢o cuc tiéu ma khong ¢ cuc dai khi phuong trinh 3' = 0 ¢6 mot nghiém duy nhat va y' d6i dau khi

2 di qua nghiém d6 Khi d6 phwong trinh z* = m (*) v6 nghiém hay ¢6 nghiémkép z =0 < m <0
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Vay m < 0 1a gia tri cAn tim.

1 2
7.Taco: y=x+ sy'=1l-—=y"=—
TxT+m (x+m)2 (m+m)3
\ A R . 4.2 y'(l):O
Ham s6 dat cyc ti€u taidieém z =14 |
y"(1)>0
1
1-———=0 5
(m +1)? m* +2m =0
& & S m=0
2 m > —1
>0
(1+m)3
Vay m = 0 thi ham s dat cuc tiéu tai diém z =1.
8.

a. Taco f'(m) = 32" +2ax +b

f'(-2)=0 _ [4a-b=12
f(=2)=0 ©{4a—2b+c:8 1)

D0 thi cia ham sb di qua diém A(1;o) khi va chikhi f(1)=0<a+b+c+1=0 (2)

Ham s6 dat cuc tri bang 0 tai diém z = —2 khi va chi khi {

Tu (1),(2)suyra a=30b=0,c=-4.

b.
Ham sd da cho xac dinh khi az +b # 0

a*x® + 2abz +b* — a’b

Ta c6 dao ham y' =

(afv+b)2
e Diéu kién can :
2 2
b a,b:0
\ A c, sl . e s y'(O =0 b
Ham s6 dat cuc tri tai diém = = 0 va x = 4 khi va chi khi y'(4):0© 1607 + 8ab +b? —a%h
(4a+b)2
> —a’b=0
¢ b=a’>>0
= < 938a (a+ =0
16a* + 8ab +b* —a’b =0 ) b=4
da+a” %0
4a+b#0
e Dibu kién du :
{CL:—2 | x2—41‘ , O l:xzo
b=4 (_m+2)2 =4

Bang bién thién
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T —00 0 2 4 +00
y' + 0 - - 0 +
] Cp 40 400

P N

Twr bang bién thién :ham s6 dat cyc tri tai diém z =0 va z = 4. Vay
a =-2,b =41a gia tri can tim.

Dang 3 : Tim diéu ki¢n dé cac diém cuc tri cia ham so théa man
di€u kién cho trudec.

Phuwong phap:

e Trudc hét ta tim didu kién dé ham sd c6 cuc tri,

e Biéu din diéu kién ctia bai toan thong qua toa do cac diém cuc tri cia dd thi ham s6 tir do ta tim duoc
diéu kién cua tham so.

Chu y:

* Néu ta gap biéu thue dbi xung cua hoanh dg cac diém cuc tri va hoanh d6 cac diém cuc tri 1a nghiém cua
mot tam thirc bac hai thi ta st dung dinh 1i Viét.

* Khi tinh gia tri cuc tri cua ham sO qua diém cuc tri ta thuong dung céac két qua sau:

Djnh Ii 1: Cho ham da thicy = P (z), gid st y = (az +b) P’(2) + h(x) khidé néu =, 1a diém cyc tri cia
ham s thi gia tri cyc tri ciia ham s6 1a: y(z,) =h (xo) va y = h(x) goi la phuong trinh quy tich cta cac

diém cuec tri.
Chtng minh: Gia str xo 1 diém cyc trj ciia ham s, vi P(z) 1a ham da thiic nén P (mo) =0

= y(xo) = (axO +0)P ‘(xO) + h(xo) = h(xo) (dpcm) .

Dinh li 2: Cho ham phén thirc hitu ti y = “(—“" khi d6 néu z, 1a diém cuc
v\xT

tri cia ham so thi gid tri cyc tri cia ham so6: y(z,) =

u'(z)

v'(z)

Chirng minh: Taco y' =

1a phuong trinh quy tich ctia cac diém cuc tri.

u'(@)u(z) - v'(z)u(z)
*(2)

Vay=

v
=y'=0 < u'(z)v(z) - v'(z)u(z) = 0 (*). Gid st xo la diém cuc tri ciia ham s6 thi xo 1a nghiém ciia
u'(z u(z,
phuong trinh (*) = '( ) = (%) = y(z,)
v'(zg) ()

Vidu 1 : Tim m dé d6 thi cia ham sé yzéﬁ—mﬁ +(2m -1z +2 co 2

di€m cuc tri duong.

Giai :
Ham so da cho xac dinh trén R ..
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Tacod y'=2" —2mz +2m —1

y'=0 2" -2mz+2m-1=0 (¥
Ham s6 ¢6 hai diém cyc tri duong <> (*) ¢6 hai nghiém dwong phan biét

A'=m? -2m+1>0 1
&S5 =2m >0 & m>§.
P=2m-1>0 m#1

A M > — 0 o cre Ao
Vay 92 la nhitng gié tri can tim.
m # 1

2
, .\ 2 ah 4 e a1 A mx° +3mr+2m+1
Vidu 2 : Tim m d¢ do thi cia ham s6 y = N co 2 cuc
x_

dai, cyc ti€u va 2 diém d6 nam vé€ hai phia véi truc Oz.

Giai :
Ham sd d3 cho xac dinh trén R .
mz® - 2mz — 5m —1
(z -1y

y'=0 ma® —2mz-5m—-1=0 (z=1) (¥

Taco y'=

Ham s6 c6 hai diém cuc tri <> (*) c¢6 2 nghiém phan biét T, 2y # 1
m # 0 1

S ambm+1) >0 < ms 6 -
~6m—1%0 m >0

Hai diém cyc trj ciia d6 thi ham s nim vé hai phia truc Oz < y(z,)y(z,) <0 .
Ap dung két qua dinh 1i 2 ta co: y(z,) =2m(z, - 1), y(z,) = 2m(z, — 1)

= y(z,)y(z,) = Am? [(z,2) — (7, + 25) +1] = 4m(-2m - 1).

y(z,)y(7,) <0 < 4m(-2m -1) < 0 < ms 9.

m >0

m<—— ~ ez 4 e A s
Vay 9 la nhirng gia tri can tim.

m >0

Vidu 3 : Tim m d¢ do thi cia haim s6 (C ):y = 22" + ma’ =12z —13 c6

dieém cuc dai, cuc ti€u va cac diém nay cach déu truc Oy .

Giai:
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Ham sb di cho xéac dinh trén R
Taco y'=232" +mz-6)=>y'=0< 32" +mr-6=0 (2)
Vi (2) ludén c6 hai nghi€ém phan biét nén dd thi ham s6 ludn ¢ hai cuc tri. Goi Ty, T, la hoanh d¢ hai cuc tri,
hai di€m cuyc tri cach déu truc tung
olr Har, oz =-1, <z +1, =0 7 #1,)
b -m

a

Vay m = 0 1a gia tri cAn tim.

Vidu 4 : Tim m dé dd thi ctia ham sd

y =1z’ - (2m + 1)x2 + (m2 —-3m+ 2)x +4 ¢6 hai diém cuc dai va cuc tiéu

nam v¢ hai phia truc tung .

’ Giai :
Ham so cho xac dinh trén R
Ta c6 dao ham f'(x) = 32 —2(2m + 1)3: +m’ —3m +2
Ham sb ¢ hai diém cuc dai va cuc tiéu nam vé hai phia truc tung khi va chi khi phuong trinh f' (x) =0c¢co
hai nghiém phén bi€t z ,z,thoaman z <0<z, < 3.f'(0) <0 eom -3m+2<01<m<?2

Vay gia tricantim1a 1< m < 2.

2 2 2
, . £ 4. X r+mz+2m —-5m+3
Vidu 5 : Timtham s6 m >0 dé hamso y = dat
x

cuc tidu tai z e (O;Qm).

Giai :
Ham s6 di cho x4c dinh trén D = R\ {O}

Ta c6 dao ham y' =

x2_2m2j5m_3:g(f),x¢0\76i g(m)=$2—2m2+5m_3
T x

Ham sb dat cuc tiéu tai z e (O;Qm) & g(:p) = 0 ¢4 hai nghiém phan biét z ,, (:1;1 < x2) thoa

m >0 m >0
1, <0<z, <2m<<1g(0)<0 < {-2m’+5m-3<0
1.g(2m)>0 om? +5m—3>0
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m >0

m <1 l<m<1
= 3 <&

_m>§ m> >

m < -3

m > —

Vay gia tri m cﬁntimlé%<m<1vm>g.

Vidy 6 : Tim tham s6 m dé hamsd y = (z — m)(2® — 3z —m —1) ¢ cyc

dai va cuc ti€u thoa ‘xCD .xCT‘ =1.

Giai:
Ham sd d3 cho xac dinh trén R .
Taco y'= 32> —2(m +3)z +2m —1
y' =0 322 —2m+3)z+2m-1=0 (1)

Ham s6 c6 hai di€m cyec tri thoa man ‘xCD .xCT‘ = 1< (1) ¢6 hai nghiém z,z, thoa man:

A'=m?>+7>0 m =9

<~

|22y F1 < -1 =1’

c 2m —1
| P = ==
a 3

Vay m =2 hodac m = -1 la gia tri can tim.

Vidu 7 : Tim tham sb m dé ham sb

y = %mx?’ —(m —1)m2 + 3(m —Q)x +% ¢6 cuc dai, cuc tiéu dong thoi

hoanh d9 cyc dai cyc tiéu z ,z, thoa z, + 2z, =1.

) Giai:
Ham so6 cho xac dinh trén R.
Tacod y' = ma’ —Q(m —l)x + 3(m —2)
Ham so ¢6 cuc dai, cuc ticu khi y' doi dau hai lan qua nghi€ém z, tirc la phuong trinh
ma’ —2(m—1)z +3(m —2) = 0 c6 hai nghi¢m phan biét z,z,
m# 0 {m #0

A':(m—1)2—3m(m—2)>0© -2m’ +4m +1>0
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m # 0
<12-6 2+6
<m<
2 2
Theo dinh Iy Vi— ét va yéu cau bai toan, ta co:
T +2z, =1 (gt) xl:Sm—ll
m
2(m—1) 9—m
a;1+x2=T = %:T
3(m-2) (3m_4j(2_mj 3(m-2)
LE1.$22— =
m m m

22° +3x+m —2

Vidu 8: Tim tham s6 m dé hamso y = c6 dieém cuc dai

T +2
va cuc tiéu tai cac diém c6 hoanh do ,, %, thoa méan ‘y(m Y| = 8
Giai :
2
223: +3x+m—2 Cop 14 m
T +2 T +2
Ham s6 di cho x4c dinh trén D = R\ {—2}
2
m__2z+2) -m __ g(z) o) =2z +2) —m

Voiz#-2m=0,tacoOy=2— = > >
(x+2) (x+2) (x+2)

Do thi ham sb ¢o cuc dai, cuc tiéu khi y' = 0 c6 2nghiém phan biét va y'doi ddu khi = qua cac nghiém d6
2z+2°=m>0

< m >0
2(-2+2° -m=#0 "

, khi d6 phuong trinh g(:z:) = 0 c6 hai nghiém phan biét khic —2 < {

Yie —y(z)‘ = ‘(le2 +3) — (42, + 3)‘ = 4‘3:2 —xl‘

2 1

) Y, = 42, +3
Khi d6 ta co ! =
Y = 4z, +3

Yo ~ Y| =8 = 4z, 2| =8 & (3, + 7,0 — a2, =4 (1)
T +x,=—4

i
T

Tu (1) va (2) suyra (—4)2—4(8_77”)—4:0@771:2
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2
, \ ) 2 1 ) 2" =3x+m , ..z L
Vidu 9: Tim tham s6 m dé hamso y = ——  ¢6 di€ém cuc dai va

r—m

cuc ti€u tai cac diém c6 hoanh do Ty, T, thdéa man ‘y 3

Giai :
Ham s da cho x4c dinh trén D =R\ {m} :

207 — dma + 2
Taco y'= L me T m:y'20©x2—2mx+m=0 (1)

(¢~ m)”

Ham sb ¢o cuc tri <> (1) ¢6 2 nghiém phan biét = = m
A=m?>0 {m #0
=

m>—2m?> +m=#0

m#1"
Vi phuong trinh duong thang di qua cac diém cuc tri 1a: y = 4z — 3 nén
| y(2)) —y(z,) > 8 <2, —2) > 2 = (2, + m2)2 —dryz, >4

1-\5

m <
oem’-m-1>0< 2 Két hop véi diéu kién ham c6 cuc tri suy ra
1+45
m >
2
1_\/3 1—}-\/3 \ ~ cr e A s
m < 5 v om > 5 la nhiing gié tri can tim.

Vidy 10 : Tim tham sb m dé ham sb y = 2zt —2m%2% +1 ¢6 3 diém cuc tri
la 3 dinh cua mot tam giac vudng can.

’ Giai:
Ham so da cho xac dinh trén R..
Tacod y' =4z’ —4m’z = da(z® —m®).
V61 m # 0 ham so ¢6 ba cuc tri .Khi d6 toa d6 cac di€m cuc tri cua do thi ham so
la: A(0;1), B(m;1—m'), C(-m;1-m?).
D& thdy AB = AC nén tam gidc ABC vudng cin < AB* + AC* = BC”
S 2(m’ +m®) =4m® < m = +1
Vay m = 1 1a nhitng gia tri can tim.

Vidu 11: Tim m dé db thi cia ham sé y = z* — 2ma* + 2m + m" ¢o cuc dai
, cuc tiéu déng thoi cac diém cuc tri lap thanh tam giac déu.

Giai :
Ham so cho xac dinh trén R
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=0
cem (9

D6 thi ham sb ¢ cuc dai, cuc tiéu khi y' = 0 ¢6 3 nghiém phan biét va y'd6i ddu khi 2 qua cac nghiém do

Ta co y'=4x3—4mx:4x(m2—m) y'zO@{

, khi d6 phuong trinh (*) c6 hai nghi¢m phan biét khac 0 <> m > 0

r=0= A(O;m4 +2m)

Khido: y'= B(—\/a;m4—m2+2m)
x—+\/_:>
(\/;;m4 -m® + 2m)
X ) . . AB=AC ,
Ham s6 ¢6 3 cuc tri A, B,C lap thanh tam giac d¢u < AB—BCQABQ =BC* & m+m' =4m

<:>m(m3—3):0<:>m:3/§(m>0)

Vay m = %/5 14 gia tri can tim .

Vidy 12: Tim a dé d6 thi cia ham s y = ° - 32° +2 (C')c6 diém cyc dai

va diém cyc tiéu cua do thi (C ) & vé hai phia khac nhau ctia dudng tron (phia

trong va phia ngoai): (Ca) s’ + 1y’ —2ar —4ay +5a° —-1=0.

) Giai :
Ham so da cho xac dinh trén R
. . ) r=0=>y=2
Tacodaoham y'=32" -62 y'=0<
r=2=y=-2

Cach 1:
P4 thi ham s6 ¢6 hai diém cuc tri A(o;2),B(2;—2) . Hai diém A(o;2) : B(2;—2) & vé hai phia cta hai dudng

ton (C,) khi & P, P, <0 (50° ~8a+3)(50° +4a+7) <0

<:>5a2—8a+3<0<:>§<a<1
Cach2:
(€,): (¢ ~a) +(y~2a) =1 cotam I(a;24) va bankinh R =1

Tacé:IB:\/(a—2)2+(2a+2)2 = J5a% + 4a + 8

2
IB—\/S[ +3j +§>T>1—R:>diém B nim ngoai (C,),

do d6 diém A nam trong dudng tron

(Ca)<:>IA<1<:>w/a2+(2—2a)2 <1<:>5a2—8a+3<0<:>§<a<1
5
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Viduy 13: Tim m dé do thi cia ham s6 y = 2° — 32° + m°z + m ¢6 cuc dai,
cuc tiéu va cac diém cuc dai, cyc tiéu cia do thi ham so6 doi xiing nhau qua
5

. 1
duong thang :d : y=—2 — —.
g g Y 5 5

) Giai :
Ham so da cho xac dinh trén R.
Cach1:
Tacoy'=32"-6x+m’ = y'=0< 32> -6z +m° =0 (1).

ham s6 c6 cyc tri <> (1) ¢6 2 nghiém phan biét =, ,

SA=338-m*)>0s - 3<m<\/§.
phuong trinh duong thang d' di qua cac diém cuc tri 14 :
y = (%m2 ~2)z +%m2 +m = cac diém cyc trj 13 :

2 L 2 L 5
A(l‘l;(gm —2)x1+§m +3m), B(xZ;(gm —2)x2+§m +3m).
Goi I 1a giao diém ctia hai duong thing d va d'
2m’ + 6m +15 11m’ +3m—30)

15—4m’> 15— 4m’

= [

A va B d6ixtmg quad thi trudc hét did'©§m2—2=—2<:>m=0 khi do I(l;—Q)Vé

A(ml;—Qxl); B(xQ;—QxQ) = 11a trung diém cia AB => A va B dbi xtng nhau quad .

Vay m =0 1a gia tri cAn tim.

Cach 2:

Ham s d3 cho x4c dinh trén R va ¢6 dao ham y' = 32* — 6z + m’
Ham s ¢6 cuc dai, cuc tiéu khi phuong trinh y' = 0 ¢6 hai nghiém

phn biét 7,2, < A'=9-3m> >0 —/3 <m <3
Vi-ét,taco z, +z, =2 x.r, =—.

Goi A(x;9,), B(%,;,) 1a céc diém cyc tri ctia b thi ham s6 va [ 1a
trung diém cta doan 4B .

3 3 2 2 2
. . - T, - —3(:1: —:B)+m T, —T
Puong thang 4B c6 h¢ s6 goc k,, = =% _ ™ ™ 2 (2 1)
x2—$1 xQ_xl

2

k

2
B =(x1 +:U2) - xT, —B(ml +x2)+m

2 2
k,, :4—%—6+m2=2m3 6

. 1 5 . 1
Puong than =—z2——|A) cOhéso gbc k =—
gthing y =z - (A) cohésd g >

Hai diém A(ml; Y, ) ,B (xQ; yQ) d6i xtng nhau qua duong thing (A)
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AB LA

khivéchikhi{
I eA

1(2m* -6

. ABLA@kAB.k=—1<:>§.[

Jz—l@m:()

em=0=y'=3z" -6z

B :B=0:>y=0:>A(O;O) '
y'o@!é :2:?; :_433(2;_4)31(1,—2)

D@ thiy I(l; —2) eA

Vay m = 0 thod man yéu cau bai toan .

2
, . R aA 1 \ £ T +mx L R
Vidu 14: Tim m d€ d6 thi cia ham s6 y = ——— ¢ cuc tri va khoang

1-z
cach giita hai diém cyc tri bang 10.
Giai :
Ham s da cho xéac dinhtrénD:R\{l}.
2
Taco ' = L F20+m
(-2

y'=0 2’ -2r-m=0(1) (z=1)
L. . ) A'=1+m>0
D6 thi ham s6 ¢o cuc tri &S m> -1,

1-2-m=#0

Puong thang di qua cac diém cyc tri c6 phuong trinh y = 22 — m = cac diém cuec tri 1a:
A(xl;—2x1 -m), B(x2;—2x2 - m)
= AB® =5(z, —x,)" =100 & (z, +z,)’ -4z, —20=0

c>4+4m—20:0<;>m=4.
Vay m =4 la gia tri can tim.

2

, e e 2 A 1 ea z T+ 2mx+2

Vidu 15: Tim gid tri cia m dé do6 thi ham s y = f(a:) = —1co
T+

diém cuc dai, diém cuc tiéu va khoang cach tir hai diém d6 dén duong thang

A:z+y+2=0 bing nhau.

Giai :

Ham s6 di cho x4c dinh trén D = R\ {—1}

2 —
Ta c6 dao ham y':m 20+ 2m Q,x;t—l

(m + 1)2
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Ham s6 ¢6 cuc dai , cuc tiéu khi f'(x) doi déu hai lan qua nghi¢m = hay phuong trinh

A'>0 3-2m >0 3
2m -3 # 0 2

g(x)=x2+2x+2m—220 c6 hai nghi€ém phan bi¢t khac -1 < = oS m<—
g(—l) =0

Goi A(xl; y, =2z, + 2m) , B(x2; Yy, =2z, + 2m) 14 cac diém cyc tri ctia do thi ham sé thi z,,z, la nghiém
cta phuong trinh g(x) =0,z #1. Theodinh ly Viét x + 1z, = -2, z .z, = -2m
z, +y, +2‘ B ‘:1:2 + 9, +2‘

% %

2 2
& [3z, +2m + 2| =33, +2m + | < (32, + 2m +2) = (3z, +2m +2)

Theo yéu cAu bai toan d(A,A) = d(B,A) N ‘

& (32, +2m+2) —(3z,+2m+2) =0

= (xl —xQ)[?)(xl +x2)+4m+4} =0

<:>3(:B1+x2)+4m+4=0 17:952) C>3(—2)+4m+4=0c>m=%

1a gia tri can tim .

(
A 1
So véi di€u kién, vy m = 2

2
Vi dy 16: Tim gié tri ctia m dé db thi ham s y = f(«) = wﬁ” c6
l‘_

diém cyc tiéu nam trén Parabol (P) cy=2"+1—4

Giai :
Ham s6 di cho x4c dinh trén D = R \ {1}

2
2 —m -2
Taco y'=— 2™ ,xil.Détg(x):x2—2x—m—2.

(#-1)
Ham sb ¢6 cuc dai, cuc tiéu khi phuong trinh ¢ (x) =0 c6 hai nghi€ém

, A'=1-(-m=2)>0 [m+3>0
phan biét khac 1 < & &S m > -3
g(1)=-m-3=0 m # =3

r=1-vm+3 =y =m+2-2ym+3

:E2=1+\/m+3:>y2=m+2+2\/m+3

Khido: y'=0<
Bang bién thién :

T —00 z 1 T +00

y' + 0 - - 0 +

Y /yl \ +oO\ Fo0
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—o0 —0o0 Y

2
Dura vao bang bién thién suy ra A(1+ Nm+3;m+2+2m + 3) la

diém cuc tiéu ctia d6 thi ham sé .
2
Ae(P)<:>m+2+2\/m+3=(1+\/m+3) +14+Vm+3 -4

SVm+3=1<m=-2
So véi dicu kién bai toan, ta c6 m = —2 1a gia tri can tim.

Vidu 17: Tim gia tri cuia m dé d6 thi ham s
Yy = f(x) =2’ + 3(m+1)x2 —(3m2 +7m —1)3; +m? —1 co diém cuc

tiéu tai mot diém c6 hoanh d6 nho hon 1.

) Giai :
Ham so cho xac dinh trén R
Ta c6 dao ham f'(m) =-32> + 6(m + 1)30 - (3m2 +7m — 1).Hém s6 dat
cuc tiéu tai mot diém c6 hoanh d6 nho hon 1 < f'(x) =32 + 6(m + 1)x - (3m2 +7m — 1) =0 co6 hai

nghi¢m
,,z, thod man di€u ki¢n :

(1) & -3.£(1) <0
n, <1<z, (1) A'> 0
v, <z, <1 (2)© (2) < 4-3.1'(1) 20
S
— <1
i 2
3(3m* +m—4) <0 (4
9(m+1) = 3(3m* +7m~1)> 0
- o|[83m+12>0
3(3m2+m—4)20 S 4> 0
m+1<l1 m <0
_—£<m<1
4
m<4 ——<m<l1
& 4 |03 o m<l
ms—gvmzl m< ——
m <0

| Vidy 18: Tim gia trj cia m dé do thi ham sb
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mQ—(m+1)x—m2+4m—2 o . o
Y= N . ¢0 cuc tri dong thoi tich cac gia tri cuc
x —
dai va cuc tiéu dat gia tri nho nhat.

Giai :
Ham s6 da cho x4c dinh trén D = R \ {1} :

$2—2$+m2—3m+3: 9(15)

T

g(x)=x2—2x+m2—3m+3

Tacod y'= z#1

Ham s ¢6 cuc dai , cuc tiéu khi phuong trinh g(:z:) =0,z #1

Sl<sm<?2

A'>0 -m>+3m—-2>0
m>=3m+2%0

c6 hai nghi€ém phan biét z ,z khac 1. & &

ghiem p LT, {g(l) 40
Goi A(w;9,), B(%,9,) 1a céc diém cuc tri cta db thi ham s6 thi z,,z,
la nghiém cia phuong trinh g(w) =0,z #1.

L z, =1- —m2+3m—2:y1:1—m+2 —m* +3m -2
Khidé y'=0 < ‘
a:2=1+\]—m2+3m—2:>y2 =1-m—-2v-m’ +3m -2

yl.yQ:(l—m+2 —m2+3m—2)(1—m—2 —m2+3m—2)
Yy, = (1—m)2 —4(—m2 +3m —2)
2
yl-y2=5m2—14m+9=5{m—§j —éz—é
. 4 7
= miny, .y, :—g khi ng
So v6i diéu kién , vay m=% 1a gi4 trj can tim .

BAI TAP TU LUYEN

1. Xac dinh tham s6 a dé ham s sau c6 cuc dai: y=-2r+2+ava’ -4z +5

2. Chung to rﬁng chi c6 mot diém A duy nhét trén mat phéng toa do sao cho né 1a diém cuc dai cua do thi

xQ—m(m+1)x+m3+1

f(z) = {tng v6i mot gid tri thich hop cia m va ciing 1a diém cuc tiéu ctia dd thi

r—m
ung voi mot gia tri thich hop khac. Tim toa do cua A.

3. Xac dinh gia tri tham s6 m dé ham sb y = f(x) =g — 62 + 3(m + 2):1; —m —6 dat cuc dai va cuc tiéu

ddng thoi hai gia tri cuc trj cung dau.
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x2+(m+2)x+3m+2

4. Tim tit ca cac gid tri cua thamsd m thihamsb y = c6 gia tri cuc tri , dong

r+1
N2 2 1
thot y_, + .., >§.

ma? +(m2+1)x+4m3+m

5. Vi gia tri nao cua m thi do thi cua hamso y = tuong ung c6 mdt di€m cuc

T+m
tri thudc goc phﬁn tu th (II ) va mot diém cuc tri thude goc phﬁn tu thir (I V) cua mat phéng toa do.

xQ—(m+1)$+3m+2

6. Xac dinh gia tri tham s6 m dé ham so y = c6 hai di€ém cyc dai va cyc tiéu cung

) z—1
dau .

7. Cho ham sb f(x):x3+(m—1)x2—(m+2)x—1,céd6thilé (C.,),m 1a tham so.

1. Chtrng minh réng ham s ludn c¢6 mot cuc dai , mot cuc tiéu .
2. Khi m =1, dd thi ham s6 1a (C)

a). Viét phuong trinh duong thing (d ) vudng goc v6i duong thang y = %
va tiép xc véi d6 thi (C').

b). Viét phuong trinh dudng thang di qua hai diém cuc tri cia (C’ ) .

Huéng dan :

1. Ham s6 cho xéc dinh trén R va c6 dao ham y'= -2 +

Ham s6 dat cyc daitai = =z

y'(z,)=0 M:z V&% 4%, +5 e (1)
Q{ ,,(;)<O<:> =4z, +5 = z, —2 )
Y% a<0 a<0
Véia < 0thi (1) =z, <2.
Xéthémsé:f(mo)z—w,xo <2
0
) =i S v ()
-2

Ta co f'(:no) = <0,Vz, € (—00;2)

(ZBO —2)2 1/:10; -4z, +5

Bang bién thién :
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—0

Phuong trinh (1) c6 nghiém z, <2 < % <-lea< -2

2. Ham s6 da cho xéc dinh trén D =R\ {m/ .

L 2> =2mz+m’ -1
Taco y'= )

(e

Tam thirc g(a;)za;2 —2mzr+m’—-1c6 A=1>0,Vm.

z =m-—1
Dodoy'=0<| '
:1:2=m+1

y(ml)z—m2+m—2:>M(m—1;—m2+m—2)
=
y(xQ):—mQ+m+2:>N(m+1;—mz+m+2)
bat A(mo;yo).Gié su (mg voi gid tri m =m, thi A 1a diém cuc dai va Gmg véi gia tri m =m, thi A la
diém cuc tiéu cta dd thi ham sd

r,=m —1 T, =m,+1
Ta co: ) : ) )

Yy, =-m +m -2 |y, =-mS +m, +2
m —l=m, +1

Theo baitoan , ta co : ) )
—-m, +m1—2:—m2 +m2+2

m —m, =2 m. —m, =2
@{ 1 2 <:>{ 1 2

(ml—mQ)(ml+m2—1)=—4 ml+m2:—1
< "7y = T A i

m :_§ y = 2° 4

2 2 0 4

Vay A(—% : —B 14 diém duy nhit can tim thoa yéu cau bai toan .

3.
Ham so6 cho xac dinh va lién tuc trén R.

Taco: y' =32’ —12:1:+3(m+2).
Ham s ¢6 cuc dai, cuc tiéu khi y' = 0 ¢6 hai nghiém phén biét < A' = 36 — 9(m + 2) >0

S2-m>0e m<?2
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y =é(m—2).[3x2 —12$+3(m+2)}+2(m—2)x+m_2

Yy :é(x—Q).y'+2(m—2)x+m—2
Goi A(x;y,),B(x,;,) 1a céc diém cyc tri ctia b thi ham 6 thi .z,
la nghiém cia phuong trinh g(x) =31 — 12z + 3(m + 2) =0.

Trong d6 :

1
Y ==

y'(xl)z()

=y, :2(m—2)x1+m—2

T —2).y'(x1)+2(m—2)x1 +m -2

w
—_

Y, =%(x1 —2).y'(x2)+2(m—2)x2 +m—2

y'(x2)=0

=, =2(m—2)x2+m—2

Theo dinh 1y Vi-ét , ta co : r +r, =4z, =m+2

Theo bai toan : y,.y, >O<:>[2(m—2)xl+m—2}[2(m—2)x2+m—2}>0
2

& (m-2) (22, +1)(22, +1)> 0

<:>(m—2)2[4x1x2+2(x1+x2)+1]>0

<:>(m—2)2[4x1x2+2(:1;1+x2)+1]>O<:>(m—2)2(4m+17)>0

17
m>——
=

So voi di€u kién bai toan , vay _Z7 <m <2 lagid tri can tim .

4.

Ham s6 di cho x4c dinh trén D = R\ {—1} :

’ +2z-2m g(w)
(:E + 1)2 (:E + 1)2

Ham s ¢6 cuc dai , cuc tiéu khi phuong trinh g (m) = 0,7 # —1¢6 hai nghi¢ém phan bi¢t z,z, khic

A'">0 2m+1>0 1
-1 Rt om>——
g(-1)=0 7 |-2m-1=0 2

Taco: y'= z# -1 g(x):x2+2x—2m
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Goi A(ycl;y1 =2z, +m+ 2),B(a;2;y2 =2x, + m+ 2) 14 cac diém cyc tri ctia do thi ham sé thi r,7, 1a
nghi¢m cua phuong trinh g(x) =0,z # -1

Theo dinh Iy Vi- ét 2, + 2, = 2, 2.3, = ~2m

Theo bai todn : 4%, +32, = y° +4° = (20, +m+2) +(2¢, +m+2)
vi ot =4(n) +2?)+ 4(m+2)(z, +2) +2(m+2)

it =4 (s, 0) ~ 20, |+ 4(m e 2) (g, +2,) +2(m + 2)

v +yl=4(4+4m)~8(m+2)+2(m+2) =2m’ +16m +8

Xét f(m) =2m* +16m + 8,m >—% ,f'(m) =4m +16 > 0,Vm >—%

1 1
Vay yZD + yéT > E,m € {—§;+ooj

3

5. Ham sb da cho xdc dinhtrénD:R\{—m} viy=mz+1+ (m;t())
Tr+m
C max® +2m’z — 3m®
Tacod:y'= > , T #E =M
(z+m)

Goi A(ml; yl),B (xZ; y2) 14 cac diém cuc tri ciia do thi ham s6 thi T, (:1;1 < x2) la nghiém cta phuong
trinh g(:p) =mz’ +2m’z —3m® =0,z = -m

Do thi cia ham s6 c6 mot diém cuc tri thude goc phén tu thir (II ) va

mdt diém cuc tri thudc goc phﬁn tu tha (I V) cua mat phéng toa do khi

(1) & mg(0)<0e -3m' <0=m=0 (a

(2) < D6 thi ctia ham sd khong cit truc Oz < ma® + (m2 + 1)3: +4m* +m =0 (m # —m) v0 nghiém

m #0 {m;ﬁO

d A:(m2+1)2—4m(4m3+m)<0© ~-15m' =2m* +1< 0

m =0 m< ——=
& & \/g (b)
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Tu (a) (b) (c) suyra m < L 14 gia tri can tim.

7

6. Ham s6 di cho x4c dinh trén D =R\ {1}

_ t—2x-2m—1
(2-1)
Cach 1:

Ham sd ¢6 cuc dai va cuc tiéu khi f '(m) = 0 cd6 hai nghi¢m phan biét

Ta c6 dao ham f'(x) ,r# 1

x # 1 hay phuong trinh g(x) =12" =22 —2m —1 =0 c6 hai nghiém

A'>0 {2m+2>0

phan biét z # 1 , khi do {9(1)7&0@ o9& M (1)

Goi A(x;;y,),B(x,;9,) 1a céc diém cyc tri ctia b thi ham s6 thi z,,,

la nghiém cua g(x):O

Khido: y' = 0 < r,=1-V2m+2 =y =1-m—-2V2m +2
T,=1+V2m+2 =y, =1-m+2V2m +2

Hai gid tri cue tri cing ddu khi 3.y, > 0 < (1 —m—2\2m + 2)(1 —m o+ 22m + 2) >0

<:>(1—m)2—4(2m+2)>0

om-10m-T>0em<5-4J2vm>5+442 (2)

Tir (1)va (2) suyra —1<m <5-442 v m > 5+ 42
Cach 2 :

2
HémsédﬁchoxécdinhtrénD:R\{l} Vécédaohémf'(a;):x 2z = 2m 1,:1;7&1

(o)

Ham s6 ¢6 cuc dai va cuc tiéu khi f' (m) = 0¢co hai nghiém phan biét
x # 1 hay phuong trinh g(:z:) = 2" =22 —2m —1 =0 c6 hai nghiém

A'">0 2m+2 >0
g(l);ﬂ)c>

Hai gia tri cuc tri cung dau khi dd thi ciia ham sd y=20 cit truc hoanh tai

phan biét < {

hai diém phéan biét = # 1 hay phuong trinh 2° — (m + 1)33 +3m+2=0 (2% 1) ¢6 hai nghiém phan biét
r#1.
2 2
_ _ ~10m—-7>0
el o A= (m+1) 4(3m+2)>0®{m m

1—(m+1)+3m+2#0 2m+2#0
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m<5—4\/§
= m>5+4\/§
m # —1

l<m<5—442

14 gia tri can tim .
m>5+ 4\/5

So voi diéu kién suy ra

7. Ham sb cho xac dinh trén R .

1.
Ta co f'(a;) = 32° +2(m—1)x—(m+2).

ViA'=m’+m+7>0,Ym e R nén phuong trinh f'(:z;) = 0 Iudn c6 hai nghiém phén biét . Do d6 dd thi

ctia ham s0 luon c6 mét cuc dai, mot cuc ti€u véi moi gid tri cua tham so6 m .

2.
mzl:(C):f(x)zx?’—Sx—l

a). Goi M (:1;0; Y, ) 14 toa do tiép diém cua duong thing (d) va db thi (C)

=y, =, — 3z, - 1y,' = 3z. — 3. Duong thing (d)vuéng goc voi duong thang y = % khi
1

yo'(§j=—1<:>3x§—3:—3c>x§ =0z, =0y, =-1

Vay duong thing (d):y = -3z — 1 va tiép xtc v6i db thi (C')tai diém (0;-1).
b). Db thi (0) c6 diém cyc dai la A(-1;1), diém cyc tiéu la B(1;-3). Do d6 dudng thing qua AB1a :
y=—2x-1.

\ Dang 4 : Ung dung cuec tri cia ham so trong bai toan dai so . |

Vidu : Tim tat ca cac gia tri thuc cua m dé phuong trinh sau c6 mot sO 18
nghiém thye: (3z” — 14z + 14)* — 4(3z = 7)(z - 1)(z = 2)(z — 4) = m.

Giai :
flz) = (x—l)(:z:—Q)(x—4) =2" - 72" + 147 - 8
g(2) = (32 ~ 14z +14) —4(3z - 7) f(x)
(z)1a da thie bic 4 voihé sb cua ' 1a 3.
() = 32% — 14z + 14
'(z) = 2(32” — 14z + 14) (62 - 14) - 12f(z) - 4(3z — 7) f (2) = ~12f(x)
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g (z)=0r=Lzr=2z=4
9(1) = 9; 9(2) = 4; g(4) = 36.
Bang bién thién cta g(z).

X —00 1 2 4 +00

0 - 0o + 0 —
36
g(2) 9 \ /
4 —00
—Q0
Tir bang bién thién cho thdy phurong trinh g(z) = m c6 mot s6 1é nghiém
khi va chi khi: m = 4; m =9; m = 36.

Bai3: GIA TRI LON NHAT
GIA TRI NHO NHAT CUA HAM SO.

3.1 TOM TAT LY THUYET

1. Pinh nghia: Cho ham s6 xac dinh trén D
e S& M goila gid tri lon nhét (GTLN) ctia him s6 y = f () trén D

. |fle)<MVzeD ta ki bty M
M5, €D fly) =m0 = max f(2).

flx)>MVzeD

, ta ki
3z, € D: f(z,) =m

e S6 m goila gia tri nhé nhat (GTNN) cta hamsd y = f (m) trén D néu

hiéum = min f(z).
zeD

2. Phwong phap tim GTLN, GTNN ciia ham s6

Phwong phap chung: Dé tim GTLN, GTNN cta ham s6 y = f (m) trén D tatinh y', tim cac diém ma tai
d6 dao ham triét tiéu hoic khong ton tai va lap bang bién thién. Tir bang bién thién ta suy ra GTLN, GTNN.
Chu y:

e Néuhamsd y=f (m) luon tang hodc ludn giam trén [a; b]

thimax f(r) = max{f(o), J0)}; min f(x) = min{f(a), f0)}

a;
e Néuhamsd y = f(z) lién tuc trén |a;b| thi luon c6 GTLN, GTNN trén doan do va dé tim GTLN,
GTNN ta lam nhu sau

* Tinh y' va tim céc diém z, 2,,...,x, mataido y' triét tiu hodic ham s6 khong c6 dao ham.
* Tinh céc gid tri f(z,), f(z,),..., f(z,), f(a), f(b) .Khi do
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+ max f(2) = max s (o). £ (). £ (2,).F (). £ (0)]

+ i f(2) = min{£(a).7 (), (5,)- (). £ (0)]

e Néuhamsb y=f (az) 14 ham tudn hoan chu ky T thi dé tim GTLN, GTNN ctia n6 trén D ta chi cAn tim

GTLN, GTNN trén mot doan thuéc D c6 do dai bang T .

* Cho ham s y = f(x) xac dinh trén D . Khi d3t 4n phu ¢ = u(z), tatimdugec ¢t € E v6i YV € D, tacod

y=g (t) thi Max, Min cia ham f trén D chinh la Max, Min cua ham g trén F .

* Khi bai toan yéu cau tim gia tri 1on nhét, gia tri nho nhat ma khong noi trén tap nao thi ta hiéu Ia tim

GTLN, GTNN trén tap xac dinh cia ham $0.

* Ngoai phuwong phap khao sat dé tim Max, Min ta con ding phuong phap mién gia tri hay Bt dang thic dé

tim Max, Min.

3.2 DANG TOAN THUONG GAP

Vidu I : Tim gia tri 16n nhat va nho nhét cta cac ham sd:
3z -1

1.y trén doan [0;2].

T _
2.y =(z -6z’ +4 trén doan [0;3].
3. y=2"+ 4(1 - )3 trén doan [—1; 1]

4. y =~ -2’ + 5z + 6 tréndoan [-1; 6].

Giai :
_3z-1
Ly= -3
Ham sd da cho xac dinh trén doan [0;2} .
Tacd f'(z)=———<0,Vz ]| 0;2
()= <ovee[od]
Bang bién thién
T 0 2
e fl -
1
-5
Ttr bang bién thién suy ra : Iﬁ)é;j(f(iﬂ) =% khi x =0 I[%IQﬁlf(iB) =-5 khi v =2

2.y=(z-6Nz" +4

Ham s6 y = (z — 6)v2” + 4 lién tuc trén doan [0; 3].
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Taco: y' :M,x € [O;ﬂ

Nzt +4
L r=1
y'=0& I
y(1) = —5v5
y(0) = 12 m[ggj y= 3313
y(2) = —8v2 miny = -12
y(3) = —3413 |

Vay maxy:—?)\/ﬁ khi z =3, miny=-12 khi 2 =0.

.’L‘EI:OI?)] 1:6[0;3]

3
3.y=1° +4(1—x2)
Ham s d3 cho xéac dinh trén doan [—1; 1] .
Pt t = 2",z e[ -L1] =t e[ 0;1]

Ham s6 da cho viét lai f(¢) = £ +4(1-¢) ,t € [0:1] va f'(t) = 3¢ ~12(1 1)

2 2 4
f'(t):0<:> tzg’f(ngg
t=2

7(0)=1.11)-
Bang bién thién
T 0

f'(x) - 0 +
f(z) 4\ /1

Tir bang bién thién suy ra : I[Ila}](f(ft) =4 khi v =0
-1;1

4. y=~-2"+52+6

Ham s6 y = v —2? + 5z + 6 lién tuc trén doan [-1; 6].
-2z +5

2 —a? + 52 +6

JCRR\)

!

y:

y':0<:>x=ge[—1; 6]

= 3(—3152 + 81— 4)
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y(-1) = y(6) = 0, y(gj = g

Vay: min y =0 khi x = -1,z =6 Vémaxy:gk:hi ng.

ze[—l;()‘] 176[—1;6]
T + 1+ 92>

Vidu 2 : Tim gid tri 16n nhat cua cac ham sb: Y= W,x > 0.
T +

Giai :
Ham s6 di cho xéac dinh trén khoang (O; +oo)

y_x+\/9x2+1_ 9z +1-—2° 1

82" +1 (8:1:2+1)(\/9:B2+1—:E) V922 +1 -2

Ham s6 dat gia tri 16n nhét trén khoang (O; +oo) khi ham s

f(z) =V92* +1 — z dat gia tri nho nhét trén khoang (O; +oo). Taco :

x>0 1

1 _ 2 _
f(x)—0<:> 9z +1—9x©{72x2:1<:> e

2P 32 1

minf(:z:)—T2 khisz:max khi z=——.

1
y=—o==
250 6\/5 2>0 & 4 6\/5
3

Vidu 3: Tim gia tri 16n nhat va nho nhat cua cac ham so:

1. y=2++V4 -2 trén doan [—2;2] .

2.

trén doan x € [—1;2]

y = r+1
Nzt +1

Giai :

l.y=ac+V4-2°

Ham sd da cho xac dinh trén doan [—2;2} .

Tach y' =1— —— =“4_x2_$,xe(—2;2)
\/4—x2 \/4—x2
y'=0<:>{\/4_x2 —:1;—0@{\/4—332 =z

T € (—2;2) T € (—2;2)

2 2
44—z =z 7 =

O<z<?2 O<z<?2
@{ @{2 5 <:>:1;=\/§

Bang bién thién
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T -2 \/5 \/5

y' — 0 +

y 2\2\/5/2

Tir bang bién thién , ta dugc max f(x) = 2\/5 khi x = \/5 .If{i?%]f(x) =-2 khi v =-2

176[—2;2]
y = z+1
Nz© +1

Ham sb da cho xéac dinh trén doan [—1;2] .

2. trén doan x € [—1;2].

-z +1
Tacd y'= z =y'=0cz=1
3
(x2+1)
Bang bién thién .
T -1 1 2
y' -

-
’ 0/2\3_6
5!

Tir bang bién thién , ta dwgc max y = \/5 khi x =1 min y =0 khi z=-1

1‘6[—1;2:’ ze[—l;?]

Vidu 4 : Tim gia tri 16n nhat, gia tri nho nhat cua ham sd

Yy = ‘ZE?’ — 32" + 1‘ trén doan [—2;1:|.

Gidi :
Ham s6 da cho xéc dinh trén [ -2;1].
bat g(:v) =2’ -3 +1z e [—2;1]
g'(:z:) = 32° — 6.
z=0

g'(x):(]@[r:2¢[—2-l]

9(-2) =-19,9(0) =1,9(1) =1, suyrar{n&u}cg() fn g(x)=-19.

ve[21]= g(o) e[-191] = f(s) = fo(<)] < [019].

g(O).g(l) <0=dz € (0;1)Saochog( 1) =0.

Vay ﬁlgf](f(x) = 19,{{12%]’(3;) =
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Vidu 5:

1. Tim a dé gid tri 16n nhat ctia ham s6 y =

©+2r+a— 4‘ trén doan
[—2;1] dat gid tri nho nhét .

2. Timgia tri p,q dé gia tri 16n nhat ctia ham sé y =

z* + pr + q‘trén doan

[—1; 1] 1a bé nhit .

Giai :
1. Ham sb di cho xac dinh trén [—2;1] .

Y= x2+2x+a—4‘:

(e41) +a-3

bat ¢ =(x+1)2,x € [—2;1] =>te [0;4}
Ta co f(t) :‘t+a—5‘,t € [0;4}

mpaxy < mase  (t) = ma{£(0). {4} = max {la =5 Jo -1

a—5‘2‘a—1‘@aSB:gﬁ&)ﬁf(t)z‘a—5‘=5—a

a—5‘£‘a—1‘@aZB:%gﬁf(t):‘a—l‘:a—l

5—a>25-3=2Va<3
maxf(t)22,‘v’a,e]R
o)

Mit khac =
a-123-1=2Va=3 o

Vay gi4 tri nho nhét cua max f(t)=2 khi a=3

2. Xéthamsb f(:n) = 2 + pz + ¢ xéc dinh trén doan [—1;1] =>y= ‘f(x)‘
F(-1)=1-p+qf(0)=qf(1)=1+p+q

Gid st maxy = f(a)

= [+ |£0) 2 [£0) = £0) = L+ |, | F(1)] + |£0) = |f(-1) - £(0) = [L - »)
i 1

oy fla)>3
|700)

0p>0:>‘1+p‘>1:>

0p<0:>‘1—p‘>1:>

1

>_

2

[ 1
__1 > —
1>
1

>_

2

(0)

f(—g)‘;\f(—l)\;\f(l)\}

max Y = max
ze[—lﬂ]
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ep=0= f(z)=2"+q.f(0) :f(—gqu,f(—l)zf(l) =1+gq

Gia tri 1on nhit cia y 1a mot trong hai gia tri ‘q‘ ;‘1 + q‘

)‘>1:>f(oz)>l

oq>—%:> 1+q‘>%:‘f(i1 5 5

0q<—%:> q‘>%:>‘f(0)‘>%:f(a)>%

oq:—%:) f(:[)‘:

2t
2

1 1
ngmaxf(x)zgexzo;xzil

ciing 13 gia tri nho nhat cua f (a).

Viay p=0,q = —% thod man bai toan .

, . T \ A ar+b , .. ., £
Vidu 6 : Tim céc gia tri a,b sao cho hAm so y = c6 gia tri 16n nhat

z-+1

bang 4 va co gia tri nho nhét bang —1.

Giai :
Ham so da cho xac dinh trén R.
e Ham so co6 gia tri 16n nhat bang 4 khi va chi khi

ar +0b
<
x2+1_4,VxeR 47" —ar +4-b>0,Vz e R
fa .
I eR:am0+b:4 4z,* —az, +4—b=0:cénghiémx,
’ x(]2+1

{A—a2—16(4—b)§0 )
SN ) ©a’+16b-64=0 (%)
A=a’-16(4-b) 20

e Ham s co gia tri nho nhat bang 1 khi va chi khi

ar +0b
> _
41 LvzeR " +ar+b+1>0,VzeR
< az, +b .0 Az A
Jz, eR: -1 T, +ar,+b+1=0:conghi€mx,
x2+1

A4 b+1 oa’—4b-4=0 (**)

0

>0

e (7)o (v o’ +16b—-64 =0 (*) =16 [a=-4 [a=4
Tuz()va tacohe W db—d =0 (**)ijb 5 P v ;

@{A—a ~4(b+1) <

4

a
Va tri a,b tim 13
ay gia tri a,b can tim 14 : {sz {sz
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Vidu 7 : Tim gid tri 16n nhat va nho nhat cua cac ham so:
1. y=sin'z +cos’ z + 2

2. y =z —sin 2z trén doan |:—g;721

sinx +1
3. y=— > :
sin“x +sinz +1
sin® x‘cos x‘ + cos’ x‘sin x‘
4. y =
‘sm x‘ + ‘cos x‘
Giai ;

1. y=sin'z +cos’ z + 2

y =sin'z +cos’z+2 =sin'z —sin’ z + 3
Ham sd d3 cho xac dinh trén R .

Pit t =sin’2,0<t <1

Xét ham s f(t) =t —t + 3 lién tuc trén doan [0; 1]

Ta co f'(t)=2t—1, te[();l}

f'(t)=()© t =%
(0)=r()=3 . 1[3] -
miny:trer[l(i];ln]f(t):%:Qg maxyzrtrel[glﬁ(f(t)z?)

2. y =z —sin2z trén doan |:—%;7Z}
Ham sb dé cho xac dinh trén doan |:—%;7Z}

Taco : f'(m) =1—2c052x,—%<x <z

fom) oz B (=) 3

6 6 27\l6) 6 2

5.4 5.4 3 s b

_ :_.|__7 —_—— :——7 w\=T
15)= e -5 )=-5
Vay:

max y:5—”+§ kh :1;:5—7[
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min y:—z khi ©=-2=
xe[—z;ﬁ} 2 2
2
3.y = sinz +1
. sin®z +sinz + 1
t+1
bat ¢t =sinz = f(1t) = , te|-11
' f() 2 +t+1 [ ]
f(t): t+l lién tuc trén doan [—1; 1]
2 +t+1
—t* -2t
/ ty= — "
4 ( ) (t* +t+ 1)
F(t)=0et=0e[-1 1]
2
f@U=0“ﬂO)=Lf@)=§.

Vay:
minf(m):trfl_ilr_%]f(t):() kha Sinx=—1<:>x:—2+k27r, kelZ
maxf(x)

sin® z ‘cos :c‘ +cos’ ‘sin x‘

ma;f]f(t)zl khi sint =0 < z=kr, ke Z.

B te[—l

4. y =

‘sin x‘ + ‘cos x‘
N . 2 2
Vi ‘SlIl x‘ + ‘COS x‘ >sin"x+cos ¢ =1Vz

5 5
sin x‘cosx‘ + cos® x‘sinx‘ ‘smxcosx‘ Usmx‘ +‘cos :1;‘ )

Nén y = =
‘Sin x‘ + ‘COS x‘ ‘Sinx‘ + ‘cos x‘

. . 2 2
y:‘SIHZL’COSZL"(I—‘SIHQICOSQI‘—Sln T COS £L’)

-1

« 3 2
y=—Isin"z ‘
8

- l‘Sin 2x| + l‘sin Zx‘
4 2

Pt t = |sin2af;0 <t <1

Xét hamsb : f(t) = e Le Ly ien tuc trén doan [0; 1} .
8 4 2

Ta%:f%ﬂz%?ﬁ—%t+%ﬁﬁe[&ﬂ m,fa)=0c>t=§

(0) = o;f@ ~ i =3

Vay: miny = min f(¢) = f(0) = 0 khi ‘sinZa;‘ =0 = %[

tef0;1]
max y = maxf(t) = f(gj = % khi ‘Sin 2:1;‘ = % < cosdr =

1
te[();l] 3 9

1 1 krx
& v =t+—arccos—+ —
4 9 2
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Vidu 8 : Tim gid tri 16n nhat va nho nhat cua cac ham so:
1

\/sinx +\/COSIE

1. y=

2.y =\/1+sinx +\/1+COS$

Giai :

1
y =
vVsinz ++cosx
Xét ham sb g(x) =+sinz ++cosz lién tuc trén doan {O,

COS T sinz cosxNcosz —sinzvVsinz i
- = , xe|0;—
2\/sin T 2\/COS T 2v/sin z.cos 2

[\3|§
1

T

Tacod :g'(x) =

Ccosx =sinzx

r P s
() =0, 0;— | < ST =—
g9'(w) xe{ 2} xe{o;g} z=7

9(0)=1;g(%)=<‘/§;9(g)—1:>1<9 <\/_:>—Sy31

7

Viy miny =

! ,maxy =1
s’

2.y :\/1+sinx +\/1+cosx

. . |14+sinz >0
Ham so da cho xac dinh khi
1+cosxz >0

y>0=9y" = Sinz +cosz + 2 + 2Vsinz + cosz + sinz cos z + 1 (*)

t* -1
Datt—sm:BJrcosx—\/_sm(er—j \/_<t<\/_:>smxcosx— 5

Khido (*) viét lai f(t):t+2+2,%(t2+2t+1) =t+2+\/§‘t+1‘

(1—\/§)t+2—\/§, néu—~2 <t <-1
)= (1+\/§)t+2+\/§, néu—1<t<+2

1-42 <0, néu—+2<t<-1
-

144250, néu-1<t<~2
Ham sb f(t) khong c6 dao ham tai diém ¢ = 1

Bang bién thién
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x —\/5 -1 \/5
f! (t) — +
) [[a-2v2 4122

~—

Tir bang bién thién , ta dwoe max f(v) = V4 + N2 min f

zre

zeR

)=1

Vidu9: g(z) = f(sin® :U)f(cos2 x) trong d6 ham f thoa man:

f(cotz) = sin2zx + cos2z Vz € [0; 7]

Giai :
bat ¢t =cotzx
. 2tanz 2cotx 2t -1
= sin2z = = = ; cos2x =
l+tan’z 1l+cot’z 1+1¢ £ +1
t+2t -1
= f(t) =2
£ +1
= g(z) = (sin® z +2sin” z — 1)(cos’ = + 2cos” 7 — 1)

(sin® x +1)(cos* z +1)

« 4 4 <2 2 2
() sin“xcos  z+8sin“xcos"r—2 u +8u-—2
xTr) = = =

<4 4 <2 2 2
sin"zcos x—2sin“xcos x+2 u —2u+2

trong 46 u = sin” x cos” ; O<u<~.
.2

() = 22 A0 Vu€|:0;lj|.
(u® —2u +2)° 4

= ham sb A(u) ludn ting trén {O;i} nén max _h(u) = h(lJ _ 1

ue{();l}
4

Vay max g(x) = %; min g(z) = -1

Vi dy 10: Tim gié trj I6n nhat v nho nhét ctia c4c ham o trén : [ ~1;2], biét

{f(o)_1

f? (:p)f'(:p) =1+2z+ 327

Giai :

3
I (m)f'(x) =1+2z + 32° @@ =z + 2" + 2" + ¢,c :hang sd.
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1
O)=1=c=—

7(0) ;

Do do f(x):€/3x3+3x2+3x+1

Xét ham s6 : g(a:) =3z" +32° + 3z + 1 lién tuc trén doan z € [—1;2].

Ta co g'(x) =92” + 67+ 3

{naxf(x):% khi z =2
:min f(x)z%/—_Q khi z = -1

Vidu 11 : Cho a,b 1a cac s6 duong thoa manab + a +b = 3. Tim GTLN cua

3a 3b ab

biéu thic: P = + +
b+1 a+1 a+bd

—a’ —b*> (Dw bi Pai hoc- 2005 ) .

Giai :

(a +b)

TfJ:ab+a+b=3:>3—(a+b)=abST<:>a+bZ2.

3a(a+1)+3b(b+1) ab

Taco: P = (b+1)(1+a) +a+b

—(a+b)’ +2ab

(a+b)2—2ab+(a+b)+ ab
ab+a+b+1 a+b

})=%Ba+m2+aa+m_6}+3;ﬁzb)

P=3 —(a +b)’ +2ab

—(a+b) +6-2(a+0)

p=1 —(a +b)* +(a +b)+ 2 o]
4 a+b
< s A 2 12 iy
batt=a+b>2. Xéthamso g(t) = —t +t+7+2 vOi t > 2
N 12 3
Taco: g'(t)=-2t+1-—<0 Vt=22=maxg(t)=g(2)=—.
+ t>2 2

Vay maXP:g dat dugckhia=0b=1.

Vidy 12: Cho z,y,2 1 sd thuc thoa manz® + ¢ + 2* = 2 Tim gia tri 16n

nhit, nho nhat cta biéu thie P =z’ +y” + 2° — 3zyz .

Giai :

Tir cc dang thitc 2° + y° + 2° + 2(zy + yz + 22) = (z + y + 2)°
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2+t + 28 = 3ayz = (x+y +2)(a° + 9’ + 2 — ay — yz — 2z) va diéu kién ta co:
P=(z+y+2)(2’+y" +2° —ay—yz —2z)

x+y+z)2—2}

:($+y+z){2—( 5

Pitt =z +y+z=6<t<6
t* -2 t*
)=-Lvse= 0
Xéthamsé (1) véi —~/6 <t <6
3
2
) =

Taco: P =1t(2-

Taco: f'(t) =2 (—2+2) = f(£) =0 &> t = 22

= f(N2)=2v2;  min__f(t) = f(2) = 22
2[_%%]f( f(N2) [_Tgl;ﬁg}f() f(=V2)
Vay maXP:Q\/E datdu:qckhix:\/g;yzzz()
minP:—2\/§datduqckhix:—\/g;yzzzo.

Vidu 13: Cho hai sé z,y # 0thay d6i thoa man (:Jc + y)xy =2+’ —ay

Tim GTLN ctia biéu thirc : A = —— + ( Pai hoc Khoi A — 2006 ).
$3 y3

Giai:
Cach1:
bit: u:x+y,v=xy:(x+y)xy:x2+y2—:L“y<:>uv:u2—3v

2
U

u+3

<:>(u+3)v=u2<:>v= (dou¢—3).

2

. 1 1 22+4* u*-3w u(u _31}) u? u+3Y

Viyd=— 4= =St o
oy (my) v v v

4y 4 -1
Viwl>dov= o’ > —— o <led"->0 (Gdytaluyu=0) o u>1vu<-3
u+3 u+ 3 U+ 3

u+3 -3
» :f‘(u):§<0

Lap bang bién thién, ta thiy f(u) < f(1) =4 = A <16.

U+ 3

> 0. Xét ham f(u) =
u

. Vay GTLN cua A =16.

. 1
Dang thiic xdyra & z =y = 3

Cach 2 :

. 1 1 Y S
bat a = —;b = —. Khi do gia thiét ctia bai toan tré thanh
z )
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a+b=a2+b?—abZi(a+b)2 <0<a+b<4
VaAd=a’+0"=(a+b)(a’ +b* —ab)=(a+b) <16

Déngthfrcxéyra<:>a=b=2<:>x=y=%.

Vidu 14 : Cho hai s6 thuc z,y thay d6i va théa méin hé thic 2 + y* = 1.
2(z* + 6xy)

14 2zy +2¢°
(Pai hoc Khoi B — 2008).

Tim GTLN, GTNN cau biéu thic: P =

Giai:
Cach1:

2 2
Taco: P — 22" +6ay) _ 2(z” +6ay)

1+2zy+2y°  2° +2zy + 397
*Néuy=0=P=1.
2 2 2 2
Néu y = 0thidit: =ty = P = Aty +6ty) = 2+ +61) =2f(t)
'y + 2ty +3y° T +2t+3

Xét ham so f(t), ta cé :
—4t* + 6t + 18 3

t)=—————— = f'(t)=0=t =3t =—=, lim f(t)=1

P = <0 =52, i 5(1)

(t +2t+3)

Lap bang bién thién ta dugc: GTLN P =3 va GTNN P = —6.

Cach2:

p_ 2(z” +6zy) 22 +12zy

1+2zy +2y°  2° + 22y + 3y°

= P-3=

2 2
2x° + 12xy L3 —(z — 3y) <0

z” + 2xy + 3y° 7’ + 2xy + 3y

S

Il

I+
N~ w

, T =3y
= P <3.Dbangthicxayra < ¢ , &
T +y =1

<
I
I+

27% + 122y 2(2z + 3y)*

P+6= >0

z* + 2zy + 3y° z° + 2zy + 3y°
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. T=——=

= P > —6. Dang thirc xdy ra < 2y = \/21_3
2 2

T +y =1 y=t—

J13

Vay max P =3; min P =-6.
Tuy nhién cach lam céi khé 1a chung ta lam sao biét cach danh gia P —3 va P +6 ?

Vidu 15: Cho bdn sb nguyén a,b,c,d thay ddithéa: 1<a <b<c<d <50

Tim GTNN ciia biéu thic P = % + § (Dw bi Dai hoc - 2002).

Giai:
Vil<a<b<c<d<50vaa,b,cd lacacsénguyénnén ¢ > b+1
a c_1 b+1
Suyra:—+—2>—-+——=f(b).
Y d b 50 f()
~ 1 A A 1A Je 1 r+1
D@ thay 2 < b < 48 nentaxethamso:f(x)=—+ 0 , T € [2;48]
x
Tacéf‘(x):—i+i:>f'(x):o<:>x:5\/§.
22 50
Lap bang bién thién ta dugc min f (m)z f (5\/5)
[2;48]

Do 7 va 8 1a hai s6 nguyén gan 5\/5 nhét vi vay:
. . .| 83 61 53
min f(b) = min {f(?),f(8)} = mln{175 ; 200} = TR

[2;48]

Vay GTNN P = 25
175

Vidu 16: Cho a,b,c 1a 3 s6 thuc duong va théa min a® +b* + ¢ = 1. Chiing
L a b c 3\/5
minh rang : + + > .
b+ a*+c at+b 2

Gidi :
Dé khong méat tinh tong quat , gia stt 0 < a < b < ¢ va théa min hé thiuc o + 0> + ¢* =1.Do d6

0<a£b£c£i.

V3

a b c o a b c
2 2+ 2 2+ 2 2 2+ 2+ 2
b +c a” +c a +b 1-a 1-9b 1-c¢
B aZ N b2 N CZ

a(l-a’) b(1-0") c(1-¢)

Xét ham s6 @ f(z) = z (1 —~ :1:2) lién tuc trén nira khoang [OL} :

3
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Taco: f'(z) =32 +1> 0,z € [ ,L} = f(x) lién tuc va ddng bién trén nira khoang (

i
j:£30<f T ay0<x(1—x) T

L 6[0;L

i

oy

70" 70"

12 r 33
> N >
x(l—ﬁ) 3\/5 1-2° 2

Va lim f(z) = limx(l—xz)z(),f(

-

Hay

a 23\/50,2
S o &
Suy ra b2233b2:> a2+ b2+ 62233(a2+62+0)
1-b 2 1-a 1-b 1-c¢
Cc 3\/§Q
>—0c
1-¢ 2
Vay A b +—< 23\/§.Xéyrakhia:b:c:i.
V¥ +c* dP+c d+ b 2 J3

Chii y : Dé khong mat tinh tong quat , gia st 0 < a < b < ¢ va thoa min hé thic a® + 0> + ¢ =1. Tac6 thé
suyra0<a<b<c<l.
Khi @6 xét ham s : f(z) = z(1 - 2”) lién tuc trén khoang (0;1).

fl(z)=-32" + Lz e(01) va f'(z) =0 & 2 _1

3
o fi(z)>0,z € O'L = f(:z:) lién tuc va dong bién trén khoan O'L
Y 7\/5 v g g 7\/5
1 ‘ 1
o f'(z)< 0,z € (—;1] = f(x) lién tuc va nghich bién trén khoang (—;lj :
5 &

Va lim f(z) = lim f(z) =0, f ( j = 0< f(x Phan con lai twong tu nhu trén.
B3) a3 3\/_

20" 1"

Vidu 17: Xét cac s6 thuc khong am thay doi Z, Y, 2 thoa diéu kién:
T+ Yy + 2z = 1. Tim gi4 tri nho nhat va gia tri 16n nhat cua:

S:\/1—$+ 1—y+\/1—z.
1+ 1+y 1+2

Gidi :
Tim MinS :
Khong mat t inh tong quat gidsu: 0 <z <y <z <1.

r+y+z=1
(R R L [0,1]
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Vi(l-z)(l+2)=1-2"<1 nén; :iz(l—x)“’:,/:i >1-1.

Dau dang thirc xay ra trong truong hgp = = Ohodc = = 1.

Khi do Sz\/l_x +\/1_y +\/1_Z >l-g+1-y+1—2 hay §=>2 .

1+2 1+y 1+2
Ping thirc xayrakhi £ =y = 0,2 =1thi §=2.
Vay: min§ =2.

Tim MaxsS:
Khong mat t inh tong quat gidsu: 0 <z <y <z <1.

Lﬁcdé:zzl; x+y£2<£.
3 3 5

1-2

S:\/l—x+ 1_y+\/1_231+ 1—(m+y)+\/1—z=1+\/ z
1+2z 1+y 1+2 l+z+y 1+2 2-z

bat h (z) = \/ ‘4 \/1 — 2 Bai toan tré thanh gi tri 1on nhat cua
2-2 1+ 2

h(z)trén doan {%, 1} X
h'(2) =0 z = % Mazxh(z)=Max {h (%j, h(1); h(lj} = l

Do d6 : Sz\/l_x By +\/1_Z <142
1+2z 1+y 1+2 \/5

Péng thirc xay ra khi x=0,y=z=% thi §=1+-2 .

J3

Vay: mazS = 1+l

7

s

1+2

Vidu 18: Cho ba s6 thuc duong a,b,cthoda man: abc+a+c=b.
s ; .2 2 2
Tim gia tri l6n nhat cua bi€u thie: P = — - + 23
a+1 b +1 " +1

Giai :
Tacé:a+c:b(1—ac)>0.Déth§lyac:r&1:>0<a<l
c
2
nénbo2TC L p_ 2 2(1-ac) . 3
1-ac a*+1 (a+c)f+(1-ac) +1
2
P 22 N 22(a+cz) 9. 23
a+1 (a"+1)(c" +1) c+1
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2
Xeét f(x): 2 + 2Az+c) + 5 -2
2 +1 (P +D)(+1) S +1
2 2
f(x)zQ(x +2cx + 2¢ +1)+ 3 —2,0<x<l
(z° +1)(c" +1) ¢ +1 c
2
= ['(z) = de(x” +2cx —1) ’0<$<1
(z° +1)°(c® + 1) c

Trén khoang (0;} : f'(x) =0 conghiémz = —c+ Vi +1 va f'(:z;)
c
d6i dau tir dwong sang 4m khi = qua T,,suyra f (:1;) dat cyc daitai T = T

1 2 2
SV:EE[O;—):]”(:&)S + 23 -2 = cC 4 23
¢ cz+1—cx/cz+1 c+1 \/02+1 c+1

Xét gl(c)= 2 3 ,c>0
Jet 41 +1
' 2(1-8c%)
g(c)=
(¢ +1°(Wc* +1+ 3c)
\ 0 c>0 1
g(c) 1-8¢ =0 c 2\/5
= Vc>0:g(c) < g(i) = 2 + 24 - 10
o2’ 3 9

= P< % Dau "=" xayrakhi {b =

RN

&

Vay gia tri 16n nhit cua P 1a ? .

Vidu 19 : Cho tam gidc ABC khong tu. Tim GTLN cua biéu thirc:
P =cos2A + 2\/5((308 B+cosC) (Paihgc Khéi A —2004) .

Giai:
Tacd A<90 = COSQA=2COSZA—1SQCOSA—1=1—4SiIl2§

Ping thic c6 < cos” A = cos A (1).

cosB+cosC:28in%.cos SQsinE
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. B-—
Dang thtrc xdy ra < cos ¢ =1 (2).

Détt:sin§:>0<tﬁg.Tacé: P£—4t2+4\/§t+1=f(t)

Xét ham sb f@, te[O;g}, co f'(t):—8t+4\/§:f'(t)=0<:>t=§

Lap bang bién thién ta co: f() < f{g] =3=P<3.

cos A = cos® A
B_C A=90Y
=1 <

2 B=0C=45"
A

sin— =

Dang thirc xdy ra < 4 cos

v | &

Vay max P =3.

Vi du 20: Cho tam giac ABC ¢6 A > B > C'. Tim gi tri nho nhat cua biéu
x —sin A +\/:U—sinB
z —sinC

-1.

thire ; Mz\/

z —sinC

Giai :
Biéu thirc xac dinh khi D = (—oo smC smA +oo)

- A- - B - - Y A oA .
=, / sin€' sin 4 - sin C oA /m sinC sin sin C >0,Vz e D= M lién tuc va dong bién trén moi
—sinA’ _sin C’ —sin B

—sin C’
khoang (—oo; sin C’) , [sm A, +oo)

Do d6 minM:M(SinA)= %_
Sin A — sin

Vidu 21: Cho mdt tam giac déu ABC canh a . Ngudi ta dung mot hinh chir
nhat MNPQ c6 canh MN nam trén canh BC, hai dinh P va Q theo thu tu
nam trén hai canh A C va AB cta tam gidc . Xéac dinh vi tri diém M sao cho
hinh chit nhat c6 dién tich 16n nhat va tim gia tri 16n nhét do.

Giai :
Pit BM:x,O<x<g:>NM=BC—QBM=a—2x

Trong tam giac vudng BM(Q cod tan QBM = Qj\j\j = QM = BM.tan QBM = x\/_

Dién tich hinh chit nhit MNPQ 1a 8 (z) = MN.QM = (a —2z) a3

Bai toan quy vé : Tim gia tri 16n nhat cta S(m) = (a - 2:1:):1; 3,x € [0;%}
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S'(x):—4\/§x+a\/§,xe 0;g S'(x)z()@x:g

2 4
Bang bién thién cua S (x) trén khoang {O;%j

T 0

o el
o |

S'(x) +

§(z)

aQ\/g a

Vay dién tich hinh chit nhat 16n nhét 1a khi x = 1

BAI TAP TU LUYEN
1. Tim gi4 trj 16n nhat va nho nhit cta cac ham sd:
a. f(x) =z' —22° + 3 trén doan [—3;2]

3z +10z + 20
b f(x): 2 +2x+3

2. Tim gia tri 16n nhat va nho nhat cua cac ham so6:

a. f(xr) = V2* — 4z + 5 trén doan [—2;3].

b. f(x) = 1% — 32" +2x2 -I—l trén doan [—1; 1].
4 4

3. Tim gia tri 16n nhat ctia cac ham so: f(x) = ‘:1:3 +32° —T2x + 90‘ trén doan [—5;5] .
4. Tim gia trj 16n nhat, gié tri nho nhat cita ham s6 f(z) = |2* — 3z + 2| trén doan | -3; 2].
5. Tim gi4 tri 16n nhét va nhd nhit cia ham sb : y = 4% 4 4°°*

Hudng dan .
1

a.. f(:z:) =z' -2 +3,x € [—3;2]

Ham sd da cho xac dinh trén doan [—3;2] .

v=-1f(-1)=2
Tacd f'(z) =42’ —dz = f'(z) =0 |2 =0,f(0)=3
x=1,f(—1)=2

f(-3)=66,f(2) =11

Bang bién thién
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x -3 -1 0 1 2
FEf- o0 + 0 - 0=

NS\

Tir bang bién thién suy ra : r[na)](f(x) =66 khi v =-3 minf(x) =2 ki x=-1Lz=1
-3;2

2]

32z +10z + 20
b f(x): 2 +2x+3

Ham sd d3 cho xac dinh trén R .

lim f(x)z lim f(x) =3

5
=-5 -2
Tacé:f,(m):—4x2—22x—120:f,(z):()@ z =Y=3
(ZL’2+2£L‘+3) :L“z—%:y:?
Béang bién thién
1
x —00 -5 —= 4o
2
=) ] - 0+ 0 -

/(z)

3 \ /7
5 3
2
Ttr bang bién thién suy ra : maxf(x) =7 khi = —% minf(x) =— khi xt=-5

2.

a. f(z) = Va* — 4z + 5 trén doan [—2;3].

Ham s6 da cho x4c dinh trén [—2;3].

@) = ——
22 —4z +5

f'(a;):O<:>x:2e[_2;3]
f(=2) =17, £(2) = 1, £3) = 2.

Vay :
Tgl}%]f(x) =1 khi z =2.
H{lg}g]f(x) =17 khi 2 = 2.

b. f(:z:) = 2% — 3z* +2:1:2 +l trén doan [—1; 1].
4 4

Ham s6 di cho xé4c dinh trén [—1; 1].
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batt=2"=>tel0; 1] Vz e [—1; 1:|,tacé:

f(t) =t -3t +%t +i lién tuc trén doan [0; 1]

1
t:_
:>f/<t):3t2—6t+220<:) 2
4 t:§¢[o-1]
2 Y
1 1 3 1
=513 =3 -4
Vay :
minf(t) :l khi t =0 hay minf(x) :l khi x =0
tefoi] sel-11] 4
?el[%:ﬁf<t):% khi t = — hay Ier[lal}i f( ) khi x = i—%.
3. f(:z;) = 2" + 327 —72x+90‘ trén doan z € [—5;5].

Ham s6 da cho xdc dinh trén [ 55 |.

it g(z) = 2” + 32" — 722+ 90,z € [ -5;5 ]
Taco: g'(x)=32"+ 62— 72
v=-6¢[-55]
r=4e[-55]
g(4)=-86,9(-5) = 400,g(5) = =70

(-
= 86 < g(z) < 400:>0<‘g ‘<400:>0Sf($)ﬁ400
(

g'(x) =0<

Vay: max f x) 400 khi z=-5.

4. f ‘m —3x+2‘trendoan[ 3; 2}

Ham sb di cho xac dinh tren[ 3; 2}.

Dit g(m) =1 -3r+2x€ [*3; 2]

g/ (z) = 32" — 3

g'(x):()<:>x::|:1€[—3; 2]

9(=3) = =16, g(=1) = 4, g(1) = 0, g(2) = 4

= —16 < g(z) <4 Vo €[-3; 2] = 0 <|g(x)| <16 Vz € [-3; 2]
=0 < f(z) <16 Vo €[-3; 2].

Vay max f( )—16 min f( )

ze-3; 2 ze-3; 2

5.
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Cach 1:
4

4sin21:
Ditt=4"""0<sinz<1 4 <4 <4 1<t <4

y — 4sin21‘ + 4c0321‘ — 4sin2x + 41—sin2 T _ 4sin2x +

Xét ham s f(t) = ' +4 lién tuc trén doan [1;4] .

Taco: f'(t) = tztf,w e[14)vafi(t)=0z=2

Bang bién thién suy ra minf(t) =4 = miny =4, maxf(t) =b=>miny =5 .

te[1:4] te[1:4]
Cach2:
Ap dung bat dang thuc trung binh cong , trung binh nhan.
40 4 4os > 04 = 4 Ping thire xay ra khi : 47 = 477 & g = % + k%

4 > g’ 1> L e
T L T
4COS T 2 1 4COS T _ 1 2 0

4T g g <5
Pang thuc xdy ra khi hodc sinz = 0 hoac cosz =0

Vay miny =4 khix:%wtk:g vamaxy=>5 khi z=k2.

Bai 4 :TIEM CAN HAM SO
TOM TAT LY THUYET

1. Pudng tiém can dirng va duwong tiém can ngang:
e Duong thing y = y, dugc goi la dwong tiém cdn ngang ( 2oi tit 1a tiém can ngang) cta do thi ham sd

Y= f(x)néu lim f(:z:) =y, hoac }Eﬂof(:”) =Y,

T—>+0
e Puodng thing z = z, duoc goi la dwong tigm cdn dirng ( 2oi tit 1a tiém can duing) cua d6 thi ham sb
Yy = f(x)néu lim f(x) = 400 hodc lim f(m) = 4+oohodc lim f(x) = —oohodc lim f(x) = —00.

T, 1:~>1:0+ T, 1:~>1:0+
2. Puong tiém can xién:

Puong thang y = az + b (a # 0) duogc goi 1a dwong tiém cdn xién ( goi tat 1a tiém can xién) ciia do thi ham

sO yzf(x)néu lim f(:z:)z[f(x)—(aerb)}:O hodc lim f(x)z[f(x)—(a:erb)]:O Trong do

T—>+00 Z—>—00

a = lim f(x) , b= lim [f(x)—ax} hodc a = lim f(x) , b= lim [f(x)—ax].

T—>+00 x T—>+00 T—>—0 x T—>—0

Chii y : Néu a = 0 thi tiém can xién trd thanh tiém can ding.
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4.2 DANG TOAN THUONG GAP

Vidu I : Tim tiém can cta do thi ham sd :
2z -1
l.y=flz)=
Y f( ) T+2
2
" —x+1
2.y = f(r) = =
z—1
No® +1
3.y=flz)=
y=/f(z) "
Gidi :
2z -1
l.y=flz)=
Y f( ) T +2
Ham s da cho xé4c dinh trén tap hop R\{Q}.
2z -1 2--
Ta cé: lim f(x) = lim =lim —%=2va
T—>—0 -0 p 4 9 T—>—00
1+—
x
2z -1 2--
lim f(z) = lim S - lim —2 =2 = y = 2 14 tiém can ngang cta do thi khi z — — va 7 — +o0.
x
. . 2z — \
lim f(:z:): lim = —o0 va
- - T+2
.T—)(—Q) .T—)(—Q)
lim f(z)= lim 2071 e = 2 = —2 13 tiém can dimg ciia @ thi khi 2 — (-2) Véx—)(—2)+;
+ + T +2
.T—)(—Q) x—)(—?)
(m) 2z —1 . . . .
lim —+ = lim ——— =0 = ham so fkhong co ti€ém can xién khi z — —.
I—>—© I x—)—oog;(x+2)
1
(=) er . g
lim —+ = lim —— = lim =0 = ham s0 fkhong c6 ti€ém can xién khi z — +o0.

T+ T—>+0 x(:p+2) T+ T + 2



Nguyén Phii Khanh -Nguyén Tét Thu

2
o —x+1
2. y=f(z)= 1

Ham sb xac dinh trén tap hop D = R \ {1}

Taco: f(z) =z +

z—1
1 . ,
= lim f(z) = lim (x + j =+o0 va lim f(z)= lim {x + j = —o0 = z =1 la tiém can dirng
z—1" z—1" z-1 o1 z—>1 z-1
o o _ . : 1 \
ciadothihamsokhiz - 1" vaxz —»17;  lim f(z)= lim (z+ j:+oo va
2z —>+00 T —>+a0 T —

lim f(z)= lim {x+

j = —o0 = ham s0 khong c6 ti€ém can ngang

T—>—00 T—>—00 z—1
. . 1
lim (f(z)—2z)= lim =0va lim (f(z)—z)= lim =0
2 —>+00 r—+0  — 1 T —>—00 zo—o g —1
= y = z la tiém cén xién cua d6 thi ham so khi x — +00 va x — —0.
Vo' +1
3.y=flz)=
y=/f(z) "

Ham s6 da cho xéac dinh trén tap hop R \ {O} :

—Z, /1 + —
lim f( ) = lim ————— = - lim ‘/1 + — =-1,= y = -1 14 tiém can ngang cta d6 thi ham s6 khi
T—>—00 L—>—0 €T T—>—0
T —> —00 .

z, 1+ — 1
lim f(x) = lim ——% = lim 1 +— =1= y =1 la tiém c4n ngang cita o thj ham s6 khi z — +o .
T—>+00 T—>+00 T T—>+00 T

’ +1 7 +1 . s s

lim f(x) = lim = —o0 , lim f(a:) = lim =40 =z =0 latiém can dung cta do thi
0" z—0" €T 0" z—0" €T

hamsdkhiz —> 0" vaz — 0°

1
limM ) 2t +1 I _m\Il;;p?

= lim = lim =0 =ham s fkhong co tiém cin xién khi z — —oo
T—>—0 :L‘ T—>—00 xZ T—>—00 I
/ 1
T l+—
. f(x) . z’ +1 . x’ \ A N LA AL in .

lim —— = lim ——— = lim ———— = 0 = ham s0 f khong c6 tiém can xién khi z — +o0
Tt L—>+0 xZ L—>+00 {EQ
Chuy :

Cho ham phan thite f(z) = 4%
v(z)
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. \ . , v(r)=0
a) SO tiém can ding cia do thi ham so 1a s6 nghi€ém cua hé { (( )) L0
u(x

b) DO thi ham s6 ¢6 tiém can ngang < degu(z) < degv(z), trong d6 deg la bac cla da thirc.
¢) D4 thi ham s ¢6 tiém can xién < degu(z) = degv(z) + 1.Khi d6 dé tim tiém can xién ta chia u(z)
uy (z)

chow(z), ta dugc:y = az + b +
v(z)

, trong d6 degu, (z) < deg v(z)

= lim M: lim M

=0 =y =az+b 1a TCX cta do thi ham sb.
T —>+00 U(:E) T —>—00 U(ZB)

* Néu do thi ham so c¢6 tiém can ngang thi khong c6 tiém can xién va ngugc lai.

Vidu 2: Tim tiém can cta cac do thi ham so sau:

1.y = f(z) =Va? =2z +2
2. y=flz)=z+Va® -1

Giai :
1.y = f(z) =Va? =2z +2

Ham sd di cho xac dinh trén R .

\ 2_
Taco: a = lim @: lim w: lim /1—24—1:1
r—>+0 I T —>+0 T T—>+0 T I2
b= lim (f(z)—az)= lim (Vm2—2x+2—xj

T—>+00 T—>+00

= lim 22 = lim L

Z—>+00 ,:L’2—2:L’+2+£17 T—>+00 1_g+i+1
\/ T g2

= y = — 1 14 tiém can xién ciia do thi ham s6 khi z — +o .

f(z) Va? =2z +2 2 2

=-1

¢=lim —=lm —=-lim [1-—+—=-1
T—>—0 I T—>—00 T T—>—00 T :E2
b= lim (f(z)—az)= lim (Vm2—2x+2 +xj
T—>—0 T—>—00
27 +2 2+
= lim = lim L =1

N — 22— T 2.2 4
T g2

= y = —z + 1 13 tiém can xién cta do thi ham s6 khi 2 — —oo

2. y=flz)=z+Va® -1

Ham sé d3 cho xé4c dinh trén D = (—oo; —1} v [1; +oo) .
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a= lim ﬁzhm :H—M:lim 1+ 1—i =2
To+0 I T—>+0 T T—>+00 72

-1
b= li - = li 2 1-z|= lim ——=0
:E—lg-loo(f(x) CLZL‘) x—lg-loo( ! Ilfj x—lg—loo ,:L‘Q 1+

= y = 2z la ti€ém can xi€n cua do thi ham so6 khi z — +o0.

2 —
@: lim r+rNT —1 “"Tl: lim {1_ /1_LJ_0
T>—0 I T—>+0 T T—>+00 72

a= lim
b= lim f(z)= lim (Vm2—1+xj: lim _—1:0

Tr—>—0 T —>—0 T —>—00 2
o -1-z

= y = 0 la ti€ém cén ngang cua dd thi ham s6 khi z — —oo.

Nhéan xét:

1) Xét ham s§ f(z) =Vaz® +bz+c¢  (a#0).

*Néu a < 0 = do thi ham s6 khong ¢6 ti¢m can.

* Néu a > 0 d6 thi ham s0 ¢6 ti€ém can xién y=\/;(x+2—) khi z = 400 va y:—\/_(x+2ij khi
a a

T —> —0.

2) Db thi ham s y = ma +n + pVaz® + bz +c¢ (a > 0) c6 tiém can 1a dudng thing :

y=mx+n+p\/g|x+2i\.
a

Vidu 3: Tuy theo gid tri cia tham sO m. Hay tim ti€ém can cua dd thi ham sd

sau: y = f(z) = v -1

mz® —1

Giai :

*m=0= y=-z+1= d6 thi ham s khong c6 tiém can.
=1 im f(z) = lim f(z)=0= y =0 la tiém can ngang cua do thi ham sb khi
z° -1 €T —>+00 €T —>—00

*m=1= f(z)=
T —> +00 Va T —> —00.
Vi lim f(z)= lim = % = @6 thi ham s6 khong c6 tiém can dirng

17 z—>1"

ne U

Pudng thiang y = 0 1a tiém can ngang ctia do thi ham sd.

m # 0 . . 1
¢ ) = ham s0 xac dinh trén D = R\ { —

\ N 1 \ \ ‘A A ’ 5 A S 1 A
Duong thing ©» = — 1a dudng tiém cdn ding cua do6 thi ham so.

Im
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2
Vidu 4: Cho hamsb y = rrrtl c6 do thi 1a (C’ ) . Chirng minh rang;

z—1
1. Tich khoang cach tir mot diém bat ki trén (C’ ) dén hai tiém can khong ddi

2.Khong c6 tiép tuyén ndo cua (C’ ) di qua giao diém cua hai tiém cén.

Giai :
Ham s da cho x4c dinh trén D = R\ {1} :

1. Tacé: y=x+2+

= hai tiém can cta dd thi ham sd 1a Aliz—=1=0vaA,:z-y+2=0

z -1
GQiMe(C):M[:pO;xO+2+ J:»dl:d(M,Al):\%—1\
1170—
3
Ty =Ty —2— - +2
d, = d(M.A,) = ol |3
V2 \/5‘:1:0—1‘

3 32
:>d1.d2=‘x0—1‘\/§‘$ _1‘: 5 dpcm.

0

2. Goi I =A, NA, = I(1;3)
Gia str A 1a tiép tuyén bat ki ctia d6 thi (C) = phuong trinh ciia A c6 dang

Ary=y'(z)(v—25) + 9y, = 1—L (z—7)+ a5 +2+ 5
(%_1)2 z, —1
3
=leAs | l-—— |(1-2))+2, +2+ =3
($0—1)2 xo_l
3 6 £ . N A A A

< l-z)+ +I,+2+ -3=0& = 0 ta thay phuong trinh nay v6 nghiém. Vay khong

T, —1 z, —1 T, —1

c6 tiép tuyén nao cua dd thi (C) diqua I .

ma? + (3m? - 2)z -2

Vidu 5: Cho ham s y =
T+ 3m

(C), véi m 1a tham s thuc.

1. Tim m dé goc giita hai tiém can ctia dd thi (C) bang 45°.
2. Tim m dé do thi (C) c6 ti€ém can xién tao cat hai truc toa do tai A, B sao
cho tam gidc AAOB c¢6 dién tich bang 4 .

Giai :
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6m —2
T+ 3m

Taco: y=mzr—-2+

NP A g eia A 1
Doth;hamsocohaltlemcan<:>6m—2¢0<:>m¢§.

Phuong trinh hai duong tiém cén la: A, : 2 =-3m < x+3m =0
VaA,:y=mz-2<me—-—y—-2=0.

Véc to phéap tuyén cua Ajva A, 1an Iuot 1a : a =(1,0), n, = (m;-1)
1.Géc giita A, va A, bang 45° khi va chi khi

R ‘m‘ V2 2 P
— = =—S2m =m"+1leo m=4=%1
annQ‘ vm? +1

Vay m = +1 1a nhitng gié tri can tim.

cos 45" = cos

m %0 9
2.Ham sb ¢6 tiém cén xién < 1 . Khi do: A(0;-2), B|—;0
m# — m

Taco: S lOA.OB:4<:>1.\—2|.3
2 2 m

e = =4 m=12

Vay m = +2 1a nhitng gia tri cAn tim.

Bai 5 : PHEP TINH TIEN VA TAM POI XUNG
5.1 TOM TAT LY THUYET

1. Piém udn caia do thi :

Gia str ham s6 f c6 dao ham cap mot lién tuc trén khoang (a; b) chira diém z,va co dao ham cap hai trén
khoang (a; 7, ) vi (xo;b) Néu f"d6i dau khi = qua diém a, thi (xo; f(z, )) 1a mot diém udn cua dd thi cua
ham sé y = f(x)

Néu ham s f c6 dao ham cdp hai tai diém =, thi I (xo; f(z, )) 14 mot diém udn ctia d thi ham s thi

f "(IEO) =0

2. Phép tinh tién hé toa d¢ :

, . — r=X+z
Cong thure chuyén hé toa do trong phép tinh tién theo vecto OI 1a T (ZL‘O; f (xo )) .
y=Y+y,

5.2 DANG TOAN THUONG GAP

Dang 1 : Chuyén hé toa do trong phép tinh tuyén theo vecto OI .

Vidy 1:Cho ham s f () = %azd —%mz —42+6
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1. Giai phuong trinh f'(sin x) =0
2. Giai phuong trinh f”(cos x) =0

3. Viét phuong trinh tiép tuyén cta d6 thi ham sb da cho tai diém c6 hoanh

do la nghiém cua phuong trinh f" (x) =0.

Giai :

14417
5
Ca hai nghiém = déu nam ngoai doan [—1; 1] . Do d6 phuong trinh f '(Sin x) =0 v0 nghi¢m.

Ham sd da cho xac dinh trén R .

1. f'(m):x2—$—4:>f'(:n)20c>x:

2. f"(x):Qx—1:>f"(x)=0c>x=%. Do d6 phuong trinh

f"(cosx)=0c>cosx=%c>x=i%+k27z,keZ.
1 1 47 1 17
3. fMz)=2z-1= f"(z)=0=z=—,f|—|=—,f'|=|=——
£(z) £(z) 2f(2j 12f(2] 4
X L s 17 1 47 17 145
Phuong trinh ti€p tuyéncantimla: y=—-——|z—-—= |+— ha =——gT+—
© pHY Y 4{ 2} 2 YTy

Vidu2:Cho himsé f(z)= 2" - 32> +1c6 dd thila (C)
1. Xac dinh diém 7 thudc dd thi (0) ctia ham s di cho , biét rang hoanh
d6 cua diém I nghiém dung phuong trinh f "(x) =0.

2. Viét cong thirc chuyén hé toa do trong phép tinh tuyén theo vecto OI va
viét phuong trinh dudng cong (0) dbivéihé IXY . T do suyraring I la

tam doi xing ciia dudng cong (C ) .
3. Viét phuong trinh tiép tuyén cta dudng cong (C ) tai diém I d6i v6i hé
toa o Ozy .Ching minh rang trén khoang (—oo; 1) duong cong (C ) nam

phia duéi tiép tuyén tai diém I cua (C ) va trén khoang (1; +oo) duong cong

(C) nam phia trén tiép tuyén do.

Giai :
1. Tacod f'(m)=3m2—6m , f"(:z:):6:1:—6 f"(m)zO@xrl.
Hoanh d¢ diém I thuc (0) 1z = 1,f(1) =—1.Vay 1(1;—1) e (0)

2. Cong thirc chuyén hé toa do trong phép tinh tuyén theo vecto OI 1a

r=X+1
y=Y -1
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Phuong trinh cta (C') d6i véi hé toa do IXY la:

Y -1=(X+1) -3(X+1) +1& Y = X* -3X.

Vi day 14 mot ham sb 1¢ nén do thi (C) ctia n6 nhan gdc toa do I 1am tdm ddi xing .

3. f'(x)=32" -6z = f'(1) = -3. Phuong trinh tiép tuyén ctia dudng cong (C') tai diém I ddi véi h¢ toa
0 Ozy: y=f'(1)(z-1)+ f(1)=-3(z-1) -1y =g(z) = -3z +2.

Xeétham h(z) = f(z) - g(z) = (2" — 32> +1) - (32 +2) = (2 - 1) en R

h(:z:) <0,z<1

. Didu nay ching t6 trén khoang (—oo; 1) duong cong (C’ ) nam phia dudi tiép tuyén
h(x) >0,z >1

D@ thiy {

tai diém I cua (C) va trén khoang (1; +oo) dudng cong (C’ ) nam phia trén tiép tuyén do.

Vidu3:Chohamsb y = z° —(m+3)x2 +(2+ 3m)x—2m ¢6 do thi 1a
(Cm ) , m 1a tham s thyc. Goi I 1a diém c6 hoanh d6 1a nghiém ding

phuong trinh f ”(x) = 0.Timtham s6 m dé dd thi cia ham sb co cyc tri va

diém I nam trén truc Oz .

) Giai:
Ham so da cho xac dinh va lién tuc trén R.
Tacd: y'=32"—2(m+3)z+2+3m va y" =6z -2(m +3)

Do thi cia ham s6 ¢ cuc tri va diém I nam trén truc Oz
2
A >0 (m+3) =3(2+3m)>0
P Y P 3 2
Y =0 m+ 3 ~(m+3). m+ 3 +(2+3m). LIRS B A
3 3 3

m>=3m+3>0
g 3 2
2m” —=9m” +9=0

<:>m:0vm=3vm=g.

BAI TAP TU LUYEN
r+1
a) V&b thi (C)ciahamsd f(x)=4%,71 .
% +Z khi 2> -1

b) Tim dao ham cu him s6 f(z) tai diém z = -1.

khi x < -1

c¢) Chung minh rang | (—1; 0) 1a diém udn ciia dudong cong y = f (m) .

_x+1

. . ) khi v < -1
d) Tirdé thi (C')suyra céch vé& dd thi cia ham s6 y = —f(z) ={ Z,71
T ki w21
2 2

Huéng dan :
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f=)-f(=1) _ 1
i 1 2 fz)-f(-1) 1
py ot T = lim 7 =~ Hamsb f(c) tai diém 2 = 1 va
Cf(@)-f() 1 T aed 2
lim =—
a(-1) z+1 2
1
f(—]_):—g.
2 > khi v < -1
~1
(1510 ) 4 ; khi © < -1
c) f'(:z:): -3 khi z = -1 :f"(m): (x—l)
a:+l khi > -1 L khi > =1
2

”(w) <0 khi z<-1

DE thiy f'()lién tuc trén R va {jﬁ () >0 khi 2 >-1 = I(~1;0) 1a diém udn cta @ thi ctia (C').

\ Dang 2 : Tam d6i xtng cta do thi. |

Vidu 1 :Cho ham s6 y=2'—ma’ +4z+m+2 . Tim tat ca tham sb thuc m dé ham sd da cho co 3 cuc tri
A B,C

4x

dr —m

va trong tdm G cta tam giac ABC' trung v&i tAm ddi xang cua d6 thi ham sé y =

Giai :

P4 thi ciia ham sb y = c6 tam dbi xtmg 1a I(-= ;1)
4dx —m 4
Hamsé :y = 2* —ma® + 4z +m + 2, lién tuc trén R.
Tacé:y'=42" —3maz’ + 4
Ham s6 da cho c6 3 cuyc tri khi va chi khi phuong trinh y' = 0 ¢6 3 nghiém phan biét , nghia 1a phuong
trinh 42° — 3ma® +4 = 0 c¢6 3 nghiém phan biét.

Xétham s g(z) = 42" - 3ma” + 4 lién tuc trén R va lim g(z) = +o0, lim g(z) = —o

T—>+00

€Tr =
Taco: g'(z) =122 —6mx = ¢'(z) =0 <
€Tr =

0)=4>0

0,9
m (m)_ 16 —m?®
5 9% 4
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m
—>0

g'(w) d6i ddu 2 1an qua nghiém , Va‘lg(x) =0 c6 3 nghi€ém phan bi¢t khi 126 5 < m o> 23/5
-m

4
Gid st A(z,;y,),B(,;y,),C(z,;y,) 1a toadd 3 cuc tri thoa man dé bai, khi do

r m 3m iz’ 5m
=y (=-—)+(- +3r+—+2
y y(4 16) ( T 1 )
3m’z’ 5m
=y =- 4+ 3z +—+2,y.'=0 (1=12,3) .
Y, T it Y, ( )

T+ T, + T, +y, +
Vi G 1a trong tam tam giac ABC', nén G( 1 TH T T ygj

3 ’ 3
+z, +7 2
G(%;—T—G(mf+$§+:L‘§)+($l+x2+zl,‘3)+57m+2]

Doz ,x,,r, 1a nghiém cia phuong trinh 41" —3ma”® + 4 = 0, theo dinh 1y Vi-et ta c6

_3m
T+ T, + T, = ——

TT, + T,T, + T,x = 0

iL‘1+ZL’2+£L‘3 _m

N 3 4

2

o+, + = (v, +a,) - 2Aex, +rx, +2,x) = 9172
4
Khido G (% ;— 91722 + 5Tm + 2} va trong tdm G cta tam giac ABC' trung v6i tim ddi xing cta d6 thi
4
ham s 3y = —% Khiva chikhi G| ;-2 5™ o =12
4z —m 4 16> 4 4
Im'  5m 3 5
T +T+2 =1 (m—-4)(9m” +36m” +144m +64) =0
&S m=4

Vay m = 4thoa man dé bai .

Chu ¥ : Ngoai cach giai trén ta c6 thé trinh bay :
Ham s6 da cho c6 3 cuc tri khi va chi khi phuong trinh y' = 0 ¢6 3 nghiém phan biét , nghia la phuong

trinh 42° — 3ma® +4 = 0 c6 3 nghiém phan biét.

42° + 4

ZL'Q

Al or Tx £ 4’ +4 . . .2 A an ax 1% qx re s As oar n

do thi cua ham so A (m) = - tal 3 giao diém . Dén day da dé dang vdi cac em roi dung khong?.
x

= 3m c6 3 nghiém phan biét khac 0. No6i khac hon duong thang y = 3m cit

Khi d6 phuong trinh
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2
Vidu?2:Chohams : y = = "1 6 dd thi 1 (C). Goi (C) 1a db thi déi ximg véi (C) qua diém

z-—1

A(3;4) . Tim phuong trinh d6 thi (C ').

Giai :
Goi M(m,y) € (C)Vél M'(x',y') € (C') d6i xtng qua d6 thi (C’)qua diém A(3;4).
, w—;x'_?) {xzﬁ—:p'
Ta cod \ = \
yt+y' _y y=4-y

2

2
A 6-z') —(6-z")+1 2 ,
Thayva‘lodéthi(C);és_yt:( ) —(6-2") _a”-1a'+ 31
6-xz'-1 5— 1!
_$'2—11x'+31_9+3x1_x12

5—z' 5—-2g'

Hay y'=8

—x2+3x+9_x2—3a:—9
-z +5 -5 '

Vay phuong trinh d thi (C ') ty =

Bai 6: KHAO SAT SU'BIEN THIEN VA VE PO THI
HAM SO

6.1 TOM TAT LY THUYET

Ham s6 bic ba f(x):ax3+bx2+cx+d (a:éO)

Déng digu do thi ciia ham s6 f(x) = a2’ + b2’ + cx+d  (a #0)
sTy Ty

4

21

% % B d : —
al

24

44

Mot sb tinh chéat thuong gip ciia ham sb bac ba
. , ) f'(z) =0 :c6 2 nghiem phan biet z,,z,
1. Do thicat Ox tai 3 diém phan biét <
f(z)).f(z,) <0

2. Giast a>0taco:
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a) Do thicat O tai 3 diém phan biét c6 hoanh d6 > «

f'(z) =0 c6 2 nghiem phan biet a <z, <z,
< fla)<0

f(a,)-f(z,) <0

b) D6 thicit Oz tai 3 diém phan biét c6 hoanh d6 < o

f'(z) =0 c6 2 nghiem phan biet z <z, <a
<< fla)>0

f(z,)-f(z,) <0

Tuong ty cho truong hgp a < 0.

Vidu 1:Khao sat su bién thién va v& d6 thi caa ham sd f(a;) =2 +32° +1 .

Giai:
e Ham so da cho xac dinh trén R
e Gibdihan: lim y = —© lim y = +o0 ham s6 khong c6 tiém can.
T—>—0 T—>+00
e Dao ham: f'(x) = 32" + 67

1=-2f(-2)=5

f'(m)()@!w—o,f(o)—l

Ham sé dong bién trén cac khoang (—oo; —2) va (0;+oo), nghich bién trén khoang (—2; 0)
Ham sb ¢6 diém cuc daitai z = —2,f(—2) =5 va c6 diém cuc tiéu tai z = O,f(O) =1

e Bang bién thién :

f'(m) + 0 - 0 +

f(:z:) _OO/ 5\I/v+oo

J f"(m) =6x+6
f"(m) =0 zx= —1,f(—1) = 3,f"(:p) d6i ddu mot 1an qua nghiém = = —1 nén I(—l;?)) 1a diém ubn cua
do thi .

e Pdthi:
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D6 thi ham s di qua cac diém
(-3:1).(-25),(-1:3),(0:1),(1;5) va
nhan diém 7 (~1;3)1a diém udn cia do
thi .

»
>

1 x

Vidu 2: Cho hamsé y = —z* — 32” + mz + 4, trong d6 m 14 tham s thyc.
1. Khao sat sy bién thién va vé& do thi ctia ham s6 da cho, véi m = 0

2.Tim tat ca cac gia tri ciia tham s6 m dé ham sé di cho nghich bién trén
khoéang (O; +oo) .

Gidi :
1.V6im=0,tacohamsd y = —z* — 32> +4
e Ham sb d3 cho xac dinh trén R
e Gibdihan: lim y = —© lim y = +o0 ham s6 khong c6 tiém can.

e Daoham: y'=-32" — 67
T = —2,y(—2) =0

y'=0s z=0,y(0)=4

Ham s6 dong bién trén khoang (—2; O), nghich bién trén cac khoang (—oo; 2) va (0; +oo)
Ham sb ¢6 diém cuc dai tai = = O,y(O) = 4 va c6 diém cuc tiéu tai z = —2,y(—2) =0

e Bang bién thién :

T —00 —2 0 +00

f'(m) - 0o + 0 -

f(:p) H-00 4
\0/ . o

e Pdthi:

Giao diém cta dd thi vé6i truc Oy A(O;4)

Giao diém ctia dd thi véi truc Oz B(—Q;O),C(l;o)

i

2. Tim tat ca cac gia tri ciia tham s6 m dé ham sé di cho nghich bién trén khoang (0; +oo) .

X
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Ham s6 di cho nghich bién trén khoang (0; +oo) khi va chi khi
y':—3x2—6x+mﬁ0,‘v’x>0<:>m£3x2+6x=f(x)
Ham sb f(x) = 32° + 6z lién tuc trén (O; +oo)

Ta co f'(x):6x+6>0,‘v’x>0 va f(O):O.

Béang bién thién

T 0 +00

=) +

/(2) +00
0 /

T dotadugc: m <0.

BAI TAP TU LUYEN

1. @) Khao st sy bién thién va v& do thi (C’) ctia ham s f(x) =-z + ng + 62 — 3.Chirng minh ring

phuong trinh —z* + %xQ + 62 — 3 = 0cd ba nghiém phan biét , trong d6 c6 mdt nghi€ém duong nhé hon % .

b) Khao sat sy bién thién va vé do thi (C ) clia ham sd f (x) = %xS -2z + % .Chtrng minh rang phuong

trinh f(z) = 0c6 3 nghi¢m phan biét.

¢) Khio sit sy bién thién va v& d6 thi (C') cia ham s f(z) = —z” + 32” + 9z + 2. Viét phuong trinh tiép
tuyén cta do thi (0) tai diém c6 hoanh 49 =,, biét ring f"(x, ) = —6 . Gidi bét phuong trinh f'(z —1) > 0
d) Khao sat sy bién thién va v& dd thi ham s§ f(z) = 2° — 62 + 91 .Tim tit ca cac dudng thing di qua
diém M(4;4)Vé ct dd thi (0) tai 3 diém phan biét.

2. Tim hé sb a,b, ¢ sao cho do thi ciia ham s f (x) = 2% + az’ + bz + ¢ cit truc tung tai diém co tung

do bang 2 va tiép xuc vdi duong thang y =1 tai di€ém c6 hoanh do la —1. Khao sat sy bién thién va vé do thi
ctia ham so vo1 gia tri a,b, c vira tim dugc

. . 1 e R v AA
3. Tim céc hé s6 m,n, p sao cho ham so6 f(m) = —gfv?’ +ma® + nz + p dat cuc dai tai diém = = 3 va do thi
< A , 7.e \ N 1 e R 5 r:
(C’ ) tiép xtc voi duong thiang (d) ty =3z — gtal giao di€ém cua (C ) VOl truc tung .

Huéng dan :
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. a) Tubang bién thién ta thiy phuwong trinh cho c6 ba nghiém phan biét T <-l<z,<2<uz, va

H>0:»f<o>.f(;j<om[0%)

b) f (—2) f (0) < 0.Hamsd flién tuc trén doan [0;2] va theo dinh 1y vé gia tri trung gian ciia ham s6 lién
tuc , ton tai mot s6 thue a e (—2;0) sao cho f(a) =0.S6 alamot nghiém cua phuong trinh f(x) =0.Mait
khac ham sé f ddng bién trén khoang (O; +oo) nén phuong trinh c6 nghiém duy nhit o (—2; O) .

f (O) f (4) <0.Hamsd flién tuc trén doan [0; 4] va theo dinh 1y vé gia tri trung gian ctia ham sb lién tuc ,
ton tai mot s6 thuc S e (0;4) sao cho f(,[)’) =0.S4 B1a mot nghiém ciia phwong trinh f(x) = 0. Mat khac
ham s§ f ddng bién trén khoang (O; 4) nén phuong trinh c6 nghiém duy nhat £ e (0; 4) .

Twong tu phuong trinh ¢6 nghiém duy nhit thudc khoang (4; +oo) .

D6 thi cét truc hoanh tai 3 diém phan biét , do d6 phuong trinh f () =0
c6 3 nghiém phan biét.
¢) f"(z)=—6z+6=x =2F(2)=24=(t):y=92+6

fi(x=1)=-3(z-1) +6(z-1)+9=-32" +122

:f‘(m)>0<:>0<x<4

2.

2=c a=3
f(-1)=-1+a-b+c=1<{b=3
f'(-1)=3-2a+b=0 c=2
3.

(d)ﬁOyz{A(O;—%]} p:—l
f(O)zp:—% = n=33
f1(0)=n=3 =1

f'(3)=6m-6=0

Ham s6 trung phwong f(x) =az' +br’ +c (a #* 0)

Déng digu do thi ciia ham s6 f(x) = az' +b2” + ¢ (a % 0)
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1y y

; 5 ; ; — \ X
I I I H
\ / xi O X2

Mot s6 tinh chat thuong gap cua ham sd tring p_ﬁuzorng

1. Db thi cta ham sé f(a:) = az' + bz’ + ¢ (a # 0) cét tryc hoanh tai 4 diém phan biét lap thanh cAp s
cong khi phuong trinh: a X’ +bX + ¢ = O,(X =2° > O) c6 2 nghiém duong phan biét théa X, = 9X, .

2. Phuong trinh tring phuong: az' +b2”> + ¢ =0 (1)

Dit t = 2* > 0 < x = +/t , ta c6 phuong trinh: at® + bt +¢c =0 (2)M6t nghiém duong cia (2)1’mg voi 2
nghi¢m cua (1)

Vay diéu kién cin va du dé phuong trinh (1) c6 nghiém la phuong trinh (1) ¢6 it nhit mot nghiém khong am.

A>0
(1)0(’) 4 nghiém < (2) c6 2 nghiém duong < P >0
S >0
P=0
(1) c6 3 nghiém < (2) ¢6 1 nghiém duong va 1 nghiém bang 0 < S 0
- >
2
P <0
(1) c6 2 nghiém & (2) c6 1 nghi¢m duong < A=0
§ >0
2
P=0
S
, , o t <0=t, 5 <0
(1) c6 1 nghiém < (2) c6 nghiém thda &
t =t,=0 A=0
S _,
L2
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A <0
A o - o A=0
(1) vo nghiém < (2) vo nghi¢m hodc c6 2 nghiém am <
P>0
§<O
L L2
4 ngh hanh cap s Pt h g:9t1
1)c6 4 nghi€ém tao thanh cap so6 cong < . Ta giai hé pt: =t +t
(1)c6 4 nghi¢m t: psdcong < =, - Tagiihép L+,
2 ! P=tt,

3. Phuong trinh bac 4 c6 tinh d6i xtmg: az’ + b2’ + ca® +br +a =0 (1)

e Néu a =0, taco phuong trinh: z(bz* + cz +b) =0
e Néu a # 0, ta c6 phuong trinh trong duong:

a(ﬁ+%j+b(m+lj+c=(}
z z

1 v
bit t = z + —, phuong trinh dugc viét thanh:
x

a(t® =2)+bt+c =0t =2 (2)
Chii y:

. 5 , \ A 1 I3
Khi khao sat ham so ¢ = x + —, ta cd:
x

* Mot nghiém 16n hon 2 ctia phuong trinh (2) tuong tng véi 2 nghi€ém duong ctiia phuong trinh (1)
* Mot nghiém nhoé hon 2 ctua phuong trinh (2) tuong tng véi 2 nghi€ém am cua phuong trinh (1)
* Mot nghiém ¢ = —2 ctiia phuong trinh (Q)tuong ung voi nghiém x = —1 cia phuong trinh (1)

* Mot nghiém ¢ = 2 cua phuong trinh (Q)tuong ung voi nghiém z = 1 cua phuong trinh (1)

¥ Phuong trinh £ = & + - vo nghiém khi [ <2
T

4. Phuong trinh bic 4 c6 tinh d6i xtng: az' +b2” + ez’ —br+a =0 (1)

e Néu a =0, tacophuong trinh: 2(bz® + cx —b) =0
e Néu a # 0, ta c6 phuong trinh twong duong:

({:BQ +%j+b(m—lj+c =0
x x
batt=x - l, phuong trinh dugc viét thanh:
x
alt® +2)+bt+c=0,teR (2)

1 . T
Chu y: Phuong trinh ¢t = x — — c¢6 2 nghi¢m trai dau voi moi ¢
T

5. (z+a)(z+b)(z+c)(z+d)=e,v0ia+b=c+d.
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Pitt=2"+(a+b)x.

6. (z+a)' +(z+0) :c,véia:aT_b.Détt:x+aT+b, teR

Vidu 1:Khao sat su bién thién va v& d6 thi caa ham sd f(x) =z' -2 -3 .

Giai:
e Ham so da cho xac dinh trén R
e Gidihan: lim y = lim y = +o0 ham s6 khong c6 tiém cén.

e Dao ham: f'(x):4x3—4x:4x(x2—1)
z=0,f(0)=-3

f'(:n)=0<:> £B=—1,f(—1)=—4
aczl,f(—l):—él

e Bang bién thién :

T —00 -1 0 +00

(=) - 0 + 0 - 0 +

f(x) H-00 \_4/—3\_4/+oo

Ham s6 dong bién trén cac khoang (—1; 0) va (1; +oo), nghich bién trén khoang (—oo; —1) va (0; 1)

Ham sb ¢6 diém cuc daitai = = O,f(O) = -3 va c6 diém cuc tiéu tai z = —1,f(—1) =—4
w oz =1f(1)=-4
o f"(z)=120"-4

_ V3 [ V85
I 3] 79 o . J3
f"lr)=0< ,f"(x) d6i dau hai lan qua nghiém z =z, = ——
(=) 5 () s (=) ="
> 377 3 9

2

VT =2 :@ nén U, (—é;—gg] v U, (g;—ggjlahaidiémuéncﬁadé thi .

e Pdthi:
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Giao diém caa d6 thi véi y
truc Oy A(O; —3)

Giao diém caa d6 thi véi
truc

O.m B(—\/g;O),C(\/E;O) —

3 6 4 2 2 4 6 8
DO thi 1a ham s6 chan nén

nhan truc Oy lam truc
d6i ximg

Vidu 2:

Chutrng minh ring phuong trinh: ' — 2 (m2 + 2) 2>+ m' +3=0 luénco 4 nghiém phan biét
Z,,%,,%,, T, vO1 Moi gia tri cua m .

N 2 2 2 2 _
Tim gid tri m saocho 2, + %, + T, + T, + 2 -, T, 1’4—11.

Gii:
z! —Q(m2 +2)3:2 +m' +3=0(1)
Pat:t =2’ tacs: £ =2(m’ +2)t+m' +3=0(2) (+20)
Ta chimg t6 (2)1u6n c6 hai nghi¢m : 0 <t <t,.
A'=(m* +2) ~(m' +3) = 4m* +1> 0 voi moi m.
Vay (2)1udn c6 hai nghi¢m phan biét ¢,¢, va £, -t, =m' +3>0 ¢, +1, =2(m’ +2)>0

Do d6 phuong trinh (1) c6 4 nghiém : —\/Z,\/Z, —\/g,\/g

AR A N R A Y )
() ) () ) G () ) )
xf+x§+x§+xi+xl-x2-x3-x4 :4(m2+2)+m4+3:m4+4m2+11

Azl 4z oz, n oz, =11em' +4m’ +1l=11em' +4m’ =0 m =0

Ham s6 hiru ty y=a$+b
cr+d
ar +b ad —bc
(:B):chrd (ciO,ad—bciO):f’(z):W
Ding digu db thi ciia ham s6 f(z) = ll (c % 0.ad —be = 0)

cx +d
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aH

Vi du: Khao sat su bién thién va v& db thi ctia ham s f(m) a—
x‘ —

2¢ -1

Gidi :
e Ham s da cho xac dinh D =R\ {1}
e (Gioi han :
lir? Yy = —0 lir? y = 40 = x = 11a tiém can ding

limy = limy=2= y=2 latiém can ngang.

T—>—0

J Daohém:f'(x): <0,z =#1.

-1
(z-1)
D) thi ctia ham sé nghich bién trén cac khoang (—oo; 1) va (1; +oo) .

e Bang bién thién :

—0 2
e P t}li : .
Giao di€ém cua do thi véi truc
Oy A(0; 1)

Giao di€ém cua do thi véi truc

Ox B(E;Oj
2

Do thi cua ham s6 nhéan

1 (1; 2) giao diém hai duong

tiém can lam tam doi xang.
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ax’ +br +c ,_aa'x2+2ab'x+bb'—ca'

Ham so hituty y = Y
Y a'x+b' (alx+bl)2

2
. S 1 ax” +bxr +c
Dang di¢u do thi cuia ham s6 y = ———
a'z+b'

- ™

3 T 1
5 10
5_\

Déang di¢u ham s chira gia tri tuyét doi

o)== (©) OF

r—1

4

y

p
y
[an
]
s
5
N A

.TZ
)= (@) 7o) (@)
PN
y=x+l il yoxt {r
X Al =1
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f(z):ﬁ ()

4

y
an

y=xt1

2
Vi dy 1: Khao sit sy bién thién va v& dd thi ciia ham sé f(z) =Lﬂ[’rr6
x_
Giai :

e Ham sb da cho xac dinh D = R\{l}
e Gidi han :
limy=-0 limy=+40 [limy=-© lim y = 40 = x =1 1a tiém can dung
1" 1" T—>—00 T—>+00
, , 4 . . . B A A
gglz_)ri[y—(x—Q)} _ji%x—l —0,}1_)7&[3/—@—2)] _xlirﬁom_ =0la = y = 2 — 2 tiém can xién.

2
J Daohém:f'(x):sz?),xil.

(z -1)

z=-1Lf(-1)=-5
Fla)=0es| "= Y
t=3f(3)=3

e Bang bién thién :

r —op -1 1 3 4w

f'(x) + 0 - -0 +
1 +00 +od

CIPZRN] DN
—00 —oo! 3

Ham sé dong bién trén cac khoang (—oo; —1) va (3; +oo), nghich bién trén khoang (—1; 1) va (1; 3)

Ham sb ¢6 diém cuc daitai z = -1, f(—l) = —5 va co diém cuc tiéu tai z = 3,f(3) =3

e Db thj : Danh cho ban doc

2 - - 2
me @m0 =1 g g6 hita (€, ), m i tham

Vidu 2: Cho ham s y =
T +2
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s0 .
1.Chiing minh rang v&i moi m > 0 ham s6 ludn c6 cuc dai, cuc ticu .

2.Khao sat su bién thién va vé do thi (C’ ) cua ham so véi m =1.

3.Viét phuong trinh tiép tuyén véi @6 thi (C’ ) ctia ham sd biét tiép tuyén di

qua A(l;O).

Giai :

y=mz—1+ .HémséchoxécdinhD:]R\{—2}

T+2
2
1 m(m + 2) -1
lL.y'=m— == —.
(iL‘ + 2) (iL‘ + 2)
Vé&i m > 0thi phuong trinh y' = 0 ¢6 hai nghiém phéan biét khac —2. Vay ham sé ludn ¢é cuc dai va cuc tiéu
khi m > 0.

1
T +2
*) Ham s6 cho xac dinh D = R\ {—2}

2Voim=1lLy=xc—-1+

*) lim y = —o0 va lim y = 400
T—>—00 T—>+00
Vi lim y=-0o va lim y =+ nén duong thing = = —21a tiém can dimg cua d6 thi ham sb.
x—>(72)7 .1:—)(72)+

Vi lim [y—(x —1)} = lim — 0 va lim [y—(x —1)] = lim = 0 nén duong y = = — 113 tiém

T—>+w0 Z>t00 2 e im
can xién ctia d6 thi ham sd. i T
2
*)ylzl_ 1 :($+2) —1,:1;7&_2
(:E + 2)2 (iL‘ + 2)2
r=-1Ly(-1)=-1
y‘:()@(erQ)Z “i=le x=—3,y§_3;:—5
Bang bién thién
’ - - -2 -1 400
! * 0 - - 0 +
_5 1o +00
Yy
. A,
—00
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D6 thi ctia ham s6 dong bién trén cac khoang : (—oo; —3) ; (—1; +oo)va‘1 nghich bién trén cac khoang

(-3-2),(-2-1)

Do thi cua ham s6 dat diém cuc dai tai z = -3, y(—S) = -5 va dat diém cuc tiéu tai x = -1, y(—l) =-1.
Db thi: Hoc sinh tu v&
3.Xét (d) diqua A(1;0)va c6 hé s6 goc k. Neén (d):y = k(x —1)

(d) tiép xac véi dd thi (C’ ) ctia ham s6 khi hé sau c6 nghiém:

r—1+

5 =k(z-1) -
+ , ,
*H = k= g Vay tiép tuyén la: (d):y = §(x ~1)
(x+2)2
2
Vidy 3: Cho ham s y = 3 (1)
r—1
1. Khao sat va v& dd thi cia ham sb (1)

1-

2. Tim trén dudng thang y = 4 cac diém ma tir d6 ké duoc ding 2 tiép tuyén
dén do thi ham so.

Giai :

2
1. Khéo sét va v& d thi ctia ham sé y = = +13 (1)
x_
D=R\{1}
_ z? —2x -3

(o

Ham sb nghich bién trén cac khoang (—1;1) , (1; 3) dong bién trén cac khoang (—oo; —1) ,(3;+00).

z=-1y(-1)=-2

" r=3y(3)=6

rEl=>y =0

Do thi cia ham sé dat diém cuc dai tai (—1; —2) va dat diém cuec tiéu tai (3; 6).

elimy = —oo,lim y = +00 = x = 11a ti€ém can dung.
1"

z—>1"

e lim [y—(:p+1)]:0, lim [y—(x+1ﬂ:0:>y:x+11étiémcanxién.

T—>—00 T—>+00

e Bang bién thién

z | —o -1 1 3 ~+00
y' + 0 - - 0 +
-2 400

T\l
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D4 thi : Nhan 1(1;2) lam tdm déi xtng.
2. Tim trén dudng thing y = 4 cac diém ma tir 46 ké duoc dung 2 tiép tuyén dén do thi ham sb.
Goi M(a;4) € (d) :y =4 1a diém can tim .
Khi 6 tiép tuyén véi (C')keé tir M 6 phuong trinh : (A) 1y = k(z —a)+4.
r +13 =/~c(:1c—a)+4 (1)
Pé (A) tiép xuc véi (C)@ f? __ 2 : 3 _ L (2) c6 nghiém z # 1
(x-1)

Tu (1),(2) = (3-a)a’ +2(a—7)z +3a+7 =0(3)

Pé tir M ké duoc ding 2tiép tuyén dén d6 thi ham s. Khi phuong trinh (3) cd 2 nghi¢m phan biét

r#1
3—a=#0 a %3
2 a#*3
= Az(a—?) —(3a+7).(3—a)>0® a2—4a+7>0<:>{a¢1
3-a+2(a=7)+3a+T7#0 a#l

Vy tap hop céc diém cin tim 1a dudng thing (d): y = 4 bo di cac diém (1; 4),(3; 4).

Bai 7: GIAO PIEM CUA HAI PO THI

Viduy 1 : Cho ham sb Y= =3 c6 db thi 1a (C) . Tim tét ca tham s6 thuc

m dé dudng thing ( ) y = mz + 1 cét do thi ciia ham s6 tai 2 diém phan
biét.

Gidi :

Do thi 1a (0) cit (d) tai 2 diém phan biét khi va chi khi phuong trinh =mz + 1 ¢6 2 nghiém

T —2
phan biét khi d6 phwong trinh g(z) = mz® —2mz +1=0 c6 2 nghiém phan biét 7 # 1 hay
m # 0

m # 0 m <0
AN=m’-m>0<m<0vm>1 <
m>1
g(1)#0 m-2m+1#0

Vidu 2 :Cho hams§ f(z) = ;11 c6 6 thi (C)
T

1. Khao sat su bién thién va v& do thi cua ham sd.

2. Vi gid tri nao cua m duong thing (dm )di qua diém A(—2;2) va ¢6 hé
s6 goc m cat db thi da cho

e Tai hai di€ém phan biét?.

e Tai hai diém thudc hai nhanh cta do thi ?.
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Gidi :
2. (d):y=ma+2(m+1)
(dm)m(c) : g(x) =mz’ +3mx +2m+3 = 0,1 # —1(*)
e D¢ (d,)N(C) taihai diém phan biét khi phuong trinh (*) 6 hai nghi¢m phan biét khéc —1. Khi 6 ta
m # 0
m <0
cohé: <A >0 =

m > 12
g(—l) # 0
e D¢ (dm) N (C ) tai hai ¢iém thudc hai nhanh khi phuong trinh (*) 6 hai nghi€ém phan biét » <-1<z

2

<:>mg(—1)<0<:>m<0.

m

Céch khic : D& (d, ) " (C) tai hai diém thudc hai nhanh khi phuong trinh (*)c6 hai nghi¢m phén bigt

7, <1<z, Dit x =t -1 khi d6 phuong trinh (*)tré thanh m#* +mt +3 = 0 c6 hai nghi¢m tréi déu.

ar +b

Vidu 3 :Cho hamsd y =
x—1

1. Tim a,b dé d6 thi ham s cit truc tung tai A (0; —1) va tiép tuyén cta dd

thi tai A c6 h¢ s6 goc bing —3. Kho sét sy bién thién va v& 46 thi (C') clia

ham s0 voi1 a,b vira tim duoc .

2. Cho dudng thing (d) c6 h¢ s6 goc m va i qua diém B(-2;2). Tim m
dé (d) cét (C')tai hai diém phan bigt M,, M, . Céc dudng thing di qua

M, M, song song vdi cac truc toa do tao thanh hinh chir nhat . Tinh cac canh

cua hinh chir nhat d6 theo m , khi nao hinh chit nhat nay tré thanh hinh

vuong.
Gidi :
A(O;_l)ey:ax—i—b
. r-1 - a=2: 2z+1
. g = —a—1 _ 3 b=1 ) 1

(1)

2. (d) di qua diém B(—2;2) c6 phuong trinh y = m(:p + 2) +2

pé (d) cit (0) tai hai diém phan biét M, M, khi phuong trinh m (q; + 2) +2= 2::_21 ¢6 hai nghiém khac
1, hay phuong trinh mz® + mx —2m — 3 = 0 ¢6 hai nghiém phan biét khac 1, tic 1a
m % 0 m # 0 A
A=m2+4m(2m+3)>0<:> m<-2o msT3 (*)
3 m >0

ml>+ml—-2m—-3 %0 m>0
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Gia st M, (x,3y, ), M, (,y, ), hai canh hinh chi nhat M, PM,Q c6 d6 dai la
NIm® +12m >

MlP = ‘ZEQ —l‘l‘ = T,MlQ = ‘yQ —yl‘ =A9m” +12m

Hinh chir nhat M PM,@Q tr¢ thanh hinh vudng khi va chi khi

NIm® +12m _

MP=MQ & m

Im® +12m < ‘m‘ =leom=1 (do(*))

BAI TAP TU LUYEN
1. Cho ham sb f(x) =22% + 32% +1¢6 do thi (C’)Vé parabol (P) : g(x) =22 +1
a) Khao sat sy bién thién va v& do thi ctia ham s6. Tuy theo gia trj ciia m , giai va bién ludn phuong trinh
22° +32° —m =0
b) Chuing to rang trong s tiép tuyén ciia do thi (C’ ) thi thiép tuyén tai diém udn I c6 hé s6 goc nho nhét .
Viét phuong trinh tiép tuyén d6. Chimg to I 1a tam ddi xtng cua do thi (C’ ) .
¢) Goi A, Bla giao diém ciia d6 thi (C’ ) va parabol (P) . Viét phuong trinh tiép tuyén cua (C’ ) va parabol
(P ) tai cac giao diém cua chung .
d) Xac dinh trén khoang do (C ) nam phia trén hoic phia dudi (P) .
Huéng dan :
¢) A —1;§ ,3(0;1). Tiép tuyén (C)tai ABlay= 3, +§,y =1 Tiép tuyén (P)tai A Bla
2°2 2 4
1
=-2r+—,y=1.
Y 9 Y
d) Xeét h(m) = f(x) - g(m) = 27° + 2*. Lap bang xét diu : h(:z:) <0,z e (—oo;—%j =N (C)ném phia dudi

(P).h(z)> 0.2 < (_%;oj,(o;+oo) . (¢")néim phia trén P).

2. Cho ham sb f(:n) =z® -3z +1

a) Khao sat sy bién thién va v& d6 thi ctia ham s . Viét phuong trinh tiép tuyén cta d6 thi tai diém uén
I ctia n6 . Chirng minh rang trong s6 tiép tuyén cta do thi thi tiép tuyén tai 1 c¢6 hé sd gbc nho nhit .

b) Goi (d )lé duong thang di qua diém I ¢6 hé s6 goc m . Tim cac gia tri m sao cho dudng thing (d )

cit do thi da cho tai ba diém phan biét.

Hudng dan :

a) y=-3z+1 b) m>-3

3. Cho hamsb f(z) =" —(m+1)a’ +m

a) Khao sat sy bién thién va v& d0 thi ciia ham s6 v6i m = 2. Viét phuwong trinh tiép tuyén tai diém udn
ctia dd thi .
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b) Tim cac gia tri cia m sao cho dd thi cia ham sd ct truc hoanh tai bdn diém , tao thanh ba doan théng co
d6 dai bang nhau .
Hudng dan :

b) z* - (m + 1)x2 +m=0& (x2 - 1)($2 - m) = 0. Dé dd thi ctia ham sd cét truc hoanh tai 4 diém phan
biét , tao thanh ba doan thing c6 do dai bang nhau khi 0 <m =1 .
e m>1m-1=1-(-1) = m=9

o 0<m<1,1-\/E:\/E_(_\/E)@m:1

9
Ngoai cach giai trén cac ban co thé dung cip sd cong ( 16p 11) dé giai .
4.
a) Véi gia tri ndo cia m , dudng thang y = m cit dudng cong y = z* — 22° — 3 tai 4 diém phan biét?.
2

R C e : . - 2z .

b) Ching minh rang v&i moi gia tri cua m , duong thang (dm) :y = x — mcat duong cong y = le tai
, v
hai diém phan biét.
N X N 2 4 A C s X 372 +4z+3 . L2 ~ R .
¢) Tim k dé duong thang y = kx + 1 cat do thi ham s6 y = g tai 2 diém phan biét A, B. Tim
T+

quy tich trung diém I cia AB.

. P21 +2
5. Cho hamso y = w,(C).

r—1

a) Khéo sat va v& dd thi ham s (C).
b) Tim m dé phuong trinh sau c6 2 nghiém phan biét : 2° — 2z = m‘m — 1‘ -2.
¢) Tim m dé duong thang (d):y = —z +m cit 4 thi (C) tai 2 diém A, B d6i xtmg voi nhau qua dudng

thing y = = + 3.
d) Ching minh rang qua diém E (1; 0) ta khong thé ké dugc mot tiép tuyén nao dén do thi ham sd.

6. Cho ham sb f(x) = ; hl 21
T+

a) Khao sat sy bién thién va v& do thi cia ham so.

6 db thi (G)

b) Chirng minh rang duong thing (dm) .y = mz +m — 11udn di qua diém ¢ dinh cua dudong cong (G) khi
m thay doi .

¢) Tim céc gi tri cia m sao cho duong thang da cho cét dudng cong (G) tai hai diém thudc cting mot
nhdnh cula (G )

Hudng dan:

b) M (—1;—1) 1a diém cd dinh ma (d ) di qua khi m bién thién va M (—1; —1) e (G)

m

>

) Céchl:(dm)m(G):g(a:):mez+3(m—1)x+m—3=0,x¢—% (*). D& (d, )~ (G)tai hai diém
A>0

thudc cung mdt nhanh néu va chi néu { 1] 0 & -3#m<0
g >
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T+2 1

, T F
2z +1 2

Cich2: (d )N (G):m(z+1)-1=

<:>(x+1)(2mm+m—3):0,x¢—%

:1::—1<—1

k‘(x)sz:L“+m—3=0

Hai nhénh ctia (G') ndm vé hai bén cita ti¢m can dimg « = —%. Puomg thang (d, ) N (G )tai hai diém thuoc

cing mot nhanh ciia do thi khi phwong trinh /{;(:1;) =2mx +m —3 =0 c6 nghiém z < —%Vé xr # -1, khido

m z0 m %0
3—-m 1 3 -3<m<0
tacdosx=——-<-——=<—<0 = < -3#m<0
2m 2 2m m < -3
k(—1)¢o -m—3#0

Bai 8 :SU TIEP XUC CUA HAI PUONG CONG

Vidu 1 :Tim tat ca cac diém trén truc hoanh nhitng diém M ma qua do6 v&
duoc dung 3 tiép tuyén dén dd thi (C): y = 2° + 32° ma trong d6 c6 2 tiép

tuyén vudng goc vdi nhau .

Gidi :
Goi M (m;0) € Oz, dudng thang (t) diqua M vacohésd goc k= (t):y=kx—m).
2’ +37° =k(z-a) (1)

(t) tiép xtc v6i (C) khi hé¢ sau c6 nghiém :
37 + 6z =k (2)

T (1),(2) suyra: 2’ + 32% = 32° + 62(x —a) < 22° +3(a —1)2° — 6az = 0
z=0
<:>x[2x2—3(a—1)x—6a}20<:> )

22" = 3(a — 1)z —6a =0 (3)

oz =0 =k =0 = 1tiép tuyén.
Qua M ké duoc 3 tiép tuyén dén dén d6 thi (C') ma trong d6 co 2 tiép tuyén vudng goc véi nhau .
Khi d6 (3)co 2 nghiém phan biét z,,z, # 0va kk, = -1

a;,go a;tO
SIA>0 < 19(a -1 +48a >0

(3z° + 62,)(3z,” + 62,) = -1 9(z,z,) + 1833, (7, + z,) + 367,13, = -1
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a<-3v a>—l va a=0
3 1 .
9 a<-3v a>—— va a#0 1
< <81a” —8la(a—1)—108a +1=0 = 3 &S a=—
27a+1=0 27
N 3(a-1)
(Vizg,=-3a ; x +2,= 5 )

Vay M(%,O) € Oz thoda bai toan .

Vi du 2 : Tim trén truc hoanh nhitng diém ma tir d6 c6 thé ké dén do thi cua
2

ham sé @ y = hai tiép tuyén tao v&inhau 1 goc 45°.

Giai :

Goi M eOx=>M (xO;O) , duong thing di qua M c6 hé s6 goc 1a k, phuong trinh ¢ dang :

(d):y :k:(:z;—xo).
z n = k(:z: - xo)
(d ) 14 tiép tuyén cua do thi khi hé sau c6 nghiém : §2__ 2

mlez(J/'Z—f)f(x_xo)@x[(xo+1)$—2$0]:0
-

z=0
= 2z,

x:x0+1 o, # —1
co=0= k=g

(:U—l)

° = 22, :}]{;:i

x0+1 (x0+1)2

e Tiép tuyén qua M tao v&idd thi ciia hamsd : y = hai tiép tuyén tao véinhau 1 goc 45° khi va chi

khi tan450=|k1_k2|:> 1, —3+98.

L+ k1k2‘ (mo + 1)2 '

Vay M(3 —2@;0),(3 +2J§;0)

2

Vidy 3 : Cho ham sé y = —=
x_

M (1 + sin o;9) nam trén d6 thi (C)). Chitg minh rang, tiép tuyén cua
(C)tai diém M cit hai tiém can ciia (C)tai hai diém A, B d6i xng nhau qua

Tim a € (O;%j sao cho diém
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| diém M .
Giai :
Vi M (1 + sin;9) nam trén d thi (C)nén:
2(1+sina)’ sing =+
MzQ@QSiHQa—5sina+2:0© 2
l+sina —1 sing =2

Vi o E(O;EJ nén Sina:l:a ZE:M(é;Q)
2 2 6 2

Tiép tuyén cua d6 thi (C) tai diém M la: y = y'(%j (m - 5) +9
hay (d):y=—-6x+18.
Tiép tuyén (d) cat tiém can ding = = 1tai: A(1;12)

Tiép tuyén (d) cit tiém cdn xién tai diém B c6 toa do 1a nghiém

y =—6x +18 T =2
(z;y)hé phuong trinh: y =20 42 Y= 6 = B(2;6)
T, + Ty §:$M
D@ thiy: y -%y 2
4 B :Q:yM

Suyra, A, B dbixtng nhau qua diém M (dpcm).

4
. T 5) .
Cho ham sb : y=?—3x2+§ c6 dd thi la (C). Gia st M € (C) cb

hoanh d9 a . Véi gia tri ndo ciia a thi tiép tuyén cua (C) tai M cat (O) tai

2 diém phan biét khac M .

Giai :

4
Vi M € (C) nén M[a;yM :%—3(12 +gj

Tiép tuyén tai M c6 hé s goc y,, =24’ - 6a

4

Tiép tuyéntai M codang: y=y (z—-=z,)+y, = (d) 1y =(2a" — 6a)(x — a) +% —3a” +§

Tiép tuyén (d) cta (C) tai M cat (C) tai 2 diém phan biét khac M khi phuong trinh sau c6 3 nghiém

4 4
phan biét : % - 32% + g =(2a” —6a)(r —a) + % -3a® + g hay phuong trinh
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(r—a)’(2* +2az + 3a” — 6) = 0 c¢6 3 nghiém phan biét , nghia 12 phuong trinh
g(x) = 12" +2az + 3a” — 6 = 0 c6 hai nghiém phan biét va khic a .

N, =at =302 =6)>0 [a'=3<0 [ld<3
S ‘ f— . f—

gla)=6a" -6 %0 a’ #1 a# +1

A g A ‘a‘ < \/g
Vay gia tr1 a can tim
a#*1

BAI TAP TU LUYEN
1.

2
ax” —b

a) Tim a,b biét rang do thi cua ham sb f(x) = N T di qua diém A(—l;gj va tiép tuyén tai O (O; O) co

I —
h¢ s0 géc bang —3. Khdo sat sy bién thién va vé do thi ing voi gia tri a,b vira tim dugc.

b) Tim a,b biét ring d6 thj ciia ham s6 f (x) =2z° + az + b tiép xtc voi hypebol @) Tim a,b biét rang d6

thi ctia ham s6 y = 1 tai diém M(%QJ
x

2.

a) Viét phuong trinh cta duong thang di qua diém A(l; —2) va tiép xuc vé6i parabol y = z* — 2z

b) Ching minh hai dudng cong y = z° + va — 2,y = 2" + = — 2 tiép xtGc nhau tai M , viét phuong trinh tiép
tuyén chung cua hai dudong cong d6 .

¢) Chirng minh rag cac d6 thi cia ba ham s f(x) =—2" + 37z +6, g(m) =z’ —2* +4,

h(z) = 2” + 7z + 8iép xtic nhau tai diém A(-1;2).

3z

d) Ching minh rang céac d6 thi cia ai ham sé f (x) = % + %x, g(x) = 5 tiép xtc nhau . Xac dinh tiép
x+

diém va viét phuong trinh tiép tuyén chung ctia hai duong cong tai diém do .
e) Chung minh rang cac do thi cta ai ham s6 f (x) =2’ —2,9 (x) = 2% — 1tiép xtc nhau . Xac dinh tiép

diém va viét phuong trinh tiép tuyén chung ctia hai duong cong tai diém do .

Huéng dan :
1.
o) -(-1) 5 {a:_z
a) —1-1 29 )p=_3
'(0)=-3
b) a:—6,b—g
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¢) f(-1)=g(-1)=h(-1)=2'(-1)=g'(-1) = h'(~1) = 5, chimg 6 tai A(~1;2)c4c db thi ctia ba ham

sO ¢o tiép tuyén chung , ndi khac hon 1a cac do thi ciia ba ham s6 tiép xuc nhau tai diémA(—l; 2).

d) O(O;O),y =§x

Chiic cic em thi db dat két qua cao nhit .
Téc gia : Nguyén Phi Khanh — Pa Lat va Nguyén Tat Thu — Dong Nai.



